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Abstract
Modern steel constructions such as long span bridges are characterised by slender
plated structures with low material consumption and the optimisation of their fabri-
cation, leading to low dead loads and a high utilisation. Since often several internal
forces act at the same time on the cross-section, very complex multiaxial stress states
may develop. The aim of this work is to analyse the buckling behaviour of multiaxi-
ally loaded plates in order to increase the insight and to allow the enhancement of the
current design rules of unstiffened and stiffened plates under several load combinations
focusing on the reduced stress method according to Chapter 10, EN 1993-1-5 [36] and
especially to analyse the influence of tensile stresses. As in EN 1993-1-5 [36] according
to the reduced stress method multiaxial stress states are already considered in the deter-
mination of the single plate slenderness, this theoretically allows for taking into account
the positive effect of tensile stress on the buckling behaviour. However, only few studies
have looked on this effect until now and systematic investigations are missing, so that
this work clarifies this open issue.
In a first step the elastic buckling of flat plates and the effect of multiaxial stress
states are described. The buckling coefficient for unstiffened panels is given as a func-
tion of the panel aspect ratio and the stress state resulting in significantly elevated
values if tensile stresses are acting. However, the evaluation of the buckling coefficient
shows pronounced peaks for certain cases, where it is questionable if they should be
taken into account for the design. Therefore, a formulation is presented for ignoring
these peaks. For the assessment of the buckling coefficient in case of stiffened plates
several possibilities are explained. The complexity in the determination of the buckling
coefficient, which involves a variety of parameters, leads to the conclusion that nowadays
numerical techniques are the most appropriate approaches. Furthermore, the current
rules according to EN 1993-1-5 [36] are explained in detail with a particular look on
multiaxially loaded plates showing the impact of the stress state on the plate slender-
ness and therefore on the interaction curves. The interaction curves according to EN
1993-1-5 [36] allow a systematic utilisation of the favourable effect of tensile stresses on
the buckling behaviour, especially compared to the rules according to DIN 18800-3 [22].
However, studies to justify this beneficial effect are missing. Therefore, experimental
and numerical investigations are conducted to give an insight in the buckling behaviour
of multiaxially loaded plates.
I
Experimental investigations on stiffened and unstiffened steel plates are conducted
showing the buckling behaviour under several multiaxial stress states. Therefore, six
tests on isolated steel plates have been conducted and presented giving an insight into
the buckling behaviour of multiaxially loaded panels. While for the uniaxially loaded
reference tests one half-wave failure modes were observed, mode transitions occurred
when additional tensile stresses were applied in transverse direction. This behaviour fits
well with the behaviour for linear elastic buckling analyses (LBA), where tensile stresses
also lead to multi-wave buckling shapes. Furthermore, six full scale plate girders stiffened
with transverse and longitudinal stiffeners were tested for the interaction of high bending
moment and shear force. The positive effect of tension stresses on the buckling behaviour
of slender plates can clearly be seen, as subpanels subjected to compression and shear
were the decisive ones and subpanels subjected to tension and shear showed only very
slight out-of-plane deformations due to shear.
In order to investigate a wide parametric range for analysing the buckling behaviour
of multiaxially stressed plates the Finite Element Method is adopted within this work.
After an overview on the method and the assumptions in accordance to Annex C,
EN 1993-1-5 [36] the recalculations of the above mentioned experimental investigations
are conducted, showing an appropriate agreement between the experimental and the
numerical investigations, so that numerical recalculations of the tests confirmed the
experimental observations and the applied procedure for conducting the numerical inve-
stigations can be regarded as verified. However, for the realisation of the parametric
studies, simplified models are generated considering several kinds of boundary con-
ditions. For investigating the buckling behaviour of longitudinally stiffened plates, a
numerical model is developed based on the outcomes from the numerical investigations
on unstiffened plates. The longitudinal stiffeners are applied as open sections and the
dimensions are chosen to avoid torsional buckling of the stiffeners. In order to cover a
wide parametric range, three different relative stiffness are applied to the plate as well
as different panel aspect ratios and numbers of the stiffeners.
For the numerical parametric studies on plates under multiaxial stress states the stress
ratio has a decisive impact on the failure mode, as also observed during the experimental
investigations, so that several initial imperfection shapes are applied in order to aim at a
lower safe-sided bound for the results and to avoid suppressed failure mode transitions.
The parametric study itself is conducted using the ABAQUS-intern Python interpreter
and a parametrised model where the respective parameters and imperfections are ap-
plied using Matlab subroutines considering the interaction cases tension–compression,
tension–shear, compression–shear and bending–shear on unstiffened plates as well as bi-
axial compression on stiffened plates. In case of plates subjected to tension–compression
the boundary conditions show to have mainly an influence on the resistance for predom-
inant uniaxial compression. With increasing tension the differences vanish, so that a
simplified expression is presented to estimate if an unstiffened multiaxially loaded panel
is subjected to plate buckling independently from the boundary conditions. For plates
subjected to shear and predominantly tension a pronounced beneficial effect from ten-
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sile stresses is observed, especially for ψ ≥ 0. Further numerical investigations focus
on the buckling behaviour of stiffened plates subjected to biaxial compression. Several
combinations of imperfections are therefore applied to the numerical model according
to Annex C, EN 1993-1-5 [36]. The results highlight the sensitivity of stiffened plates
subjected to biaxial compression in case of weak stiffeners, where pronounced reductions
occur. Similar findings are also found for long plates, where global buckling might be-
come decisive for transverse stress, while for smaller aspect ratios usually local buckling
occurs even for weak stiffeners. For certain cases local buckling is found for uniaxial
compression in both directions, while global buckling occurs in the interaction domain
concluding that a general separation of the load cases for stiffened plates does not seem
to be reasonable, as deviating forces may lead to a global failure.
Based on the presented parametric study a new design proposal is developed and
compared to the numerical results showing good agreements for the investigated load
cases justifying the utilisation of positive effects from tensile stresses and an improvement
of the interaction considering bending–shear. Furthermore, for the boundary condition
with edges free to move in–plane the resistance is found to be overestimated when
column–like behaviour plays a role. This was already observed by Seitz [101], who
proposed a modified formulation for the interpolation between plate–like and column–
like behaviour in case of transverse stresses. The approach is adopted within this work
for transverse stresses resulting in an appropriate agreement between the interaction
curves and the numerical simulations. In order to give a useful ready to hand tool to
the practical engineer for conducting buckling analyses according to the proposal within
this work, interaction charts are given in the Annex for a simplified procedure.
The outcomes of this work allow the consideration of tensile stresses for the design
of plated structures and is in full accordance with the principles of the reduced stress
method for the current design procedure in EN 1993-1-5 [36]. Furthermore, the numer-
ical analyses highlight issues regarding the modelling and the realisation of buckling
analyses using the Finite Element Method, especially in terms of initial imperfections.
Keywords:
plate buckling, steel structures, unstiffened plates, stiffened plates, interaction,
reduced stress method, tensile stresses
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Zusammenfassung
Aus Blechen zusammengesetzte Bauteile sind ein fester Bestandteil des modernen
Bru¨cken- und Hochbaus, wenn es darum geht einen Querschnitt bereitzustellen, der
durch ein Minimum anMaterialeinsatz und ein Maximum anMaterialausnutzung gekenn-
zeichnet ist. Da in der Regel am Querschnitt mehrere Schnittgro¨ßen wirken, herrschen
in den jeweiligen Bauteilen mehraxiale Spannungszusta¨nde, denen Rechnung getragen
werden muss. Ziel dieser Arbeit ist es, das Beulverhalten mehrachsig beanspruchter
Platten zu untersuchen und daraus Erkenntnisse zu gewinnen, um die derzeit gel-
tenden Bemessungsregeln nach der Methode der reduzierten Spannugen gema¨ß Ab-
schnitt 10, EN 1993-1-5 [36] fu¨r unausgesteifte und ausgesteifte Platten unter ver-
schiedenen Lastkombinationen zu verbessern und dabei insbesondere den Einfluss gle-
ichzeitig wirkender Zugspannungen zu analysieren. Mit Einfu¨hrung von EN 1993-1-
5 [36] ist es nun mo¨glich, unter Anwendung der Methode der reduzierten Spannungen,
den gesamten Spannungszustand zur Berechnung eines einzigen Plattenschlankheits-
grades heranzuziehen, was es theoretisch auch erlauben wu¨rde den Einfluss gleichzeitig
wirkender Zugspannungen zu beru¨cksichtigen. Jedoch existieren hierzu kaum Unter-
suchungen, so dass die Fragestellung nach dem Einfluss der Zugspannungen im Rahmen
dieser Arbeit gekla¨rt werden soll.
In einem ersten Schritt wird das elastische Verzweigungsproblem schlanker Platten
und der Einfluss mehrachsiger Spannungszusta¨nde beschrieben. Der Beulwert unver-
steifter Platten wird als Funktion der Seitenverha¨ltnisse und der Spannungszusta¨de
angegeben und resultiert in deutlich erho¨hten Werten, wenn gleichzeitig Zugspannun-
gen wirken. Allerdings zeigt die Auswertung der Beulwerte ausgepra¨gte Spitzen fu¨r
bestimmte Fa¨lle, bei denen es fraglich ist, ob sie fu¨r die Bemessung beru¨cksichtigt
werden sollten. Daher wird eine Formulierung hergeleitet, um diese Spitzen zu ver-
nachla¨ssigen. Fu¨r die Bestimmung der Beulwerte versteifter Platten werden verschiedene
Mo¨glichkeiten erla¨utert. Die Komplexita¨t bei der Bestimmung des Beulwerts, die eine
Vielzahl von Parametern umfasst, la¨sst die Schlussfolgerung zu, dass heutzutage nu-
merische Verfahren die geeignetsten Verfahren hierfu¨r darstellen. Die derzeitig gu¨ltigen
Bemessungsregeln nach EN 1993-1-5 [36] werden detailliert dargestellt mit besonderem
Blick auf mehrachsig beanspruchte Platten, bei denen der Spannungszustand einen di-
rekten Einfluss auf die Schlankheit und somit auch auf die Interaktionkurven hat. Die
Interaktionskurven nach EN 1993-1-5 [36] ermo¨glichen eine systematische Ausnutzung
der gu¨nstigen Wirkung von Zugspannungen auf das Beulverhalten, vor allem im Vergle-
V
ich zu den Regeln nach der zuvor gu¨ltigen DIN 18800-3 [22]. Allerdings fehlen bislang
Studien, die diese positive Wirkung rechtfertigen. Daher werden im Rahmen der vor-
liegenden Arbeit experimentelle und numerische Untersuchungen vorgestellt, die einen
Einblick in das Beulverhalten mehrachsig beanspruchter Platten zu geben.
Die experimentellen Untersuchungen an ausgesteiften und nicht ausgesteiften Platten
zeigen das Beulverhalten unter verschiedenen mehrachsigen Spannungszusta¨nden. Dafu¨r
wurden sechs Versuche an mehrachsig beanspruchten schlanken Stahlplatten durch-
gefu¨hrt und vorgestellt, um einen Einblick in das Beulverhalten zu geben. Wa¨hrend fu¨r
die einachsig belasteten Referenzversuche stets einwellige Versagensformen beobachtet
werden konnten, traten mehrwellige Versagensformen ein, wenn zusa¨tzlich Zugspannun-
gen in Querrichtung aufgebracht wurden. Das entspricht dem Verhalten des Verzwei-
gungsproblems nach der linear elastischen Beultheorie (LBA), wo Zugspannungen auch
zu mehrwelligen Eigenformen fu¨hren. Des Weiteren wurden sechs Versuche an la¨ngs- und
querausgesteiften Tra¨gern unter Wirkung hoher Biegemomente und Querkraft durch-
gefu¨hrt. Die gu¨nstige Wirkung von Zugspannungen auf das Beulverhalten schlanker
Platten konnte dabei deutlich beobachtet werden, da die Teilfelder unter Wirkung von
Druck- und Schubspannungen maßgebend wurden, wa¨hrend Teilfelder unter Wirkung
von Zug- und Schubspannungen nur sehr geringe Verformungen aus der Ebene heraus
aufwiesen.
Um einen weiten Parameterbereich fu¨r das Beulverhalten mehrachsig beanspruchter
Platten zu untersuchen, wird im Rahmen dieser Arbeit die Methode der finiten Ele-
mente (FEM) angewandt. Nach einem U¨berblick u¨ber die Methode und die Annah-
men gema¨ß Anhang C, EN 1993-1-5 [36] werden Simulationen der oben genannten Ver-
suche durchgefu¨hrt. Das gleiche Beulverhalten wurde dabei auch bei der numerischen
Nachrechnung der Versuche beobachtet. Das validierte numerische Modell wird fu¨r
die mit ABAQUS durchgefu¨hrten Parameterstudien herangezogen, um die Auswirkung
verschiedener Einflussgro¨ßen zu beurteilen. Fu¨r die Durchfu¨hrung der Parameterstu-
dien werden vereinfachte Modelle mit verschiedenen Ansa¨tzen fu¨r die Randbedingungen
erzeugt. Um das Beulverhalten la¨ngsversteifter Platten zu untersuchen, wird ein nu-
merisches Modell entwickelt, das auf den Ergebnissen der numerischen Untersuchungen
fu¨r unausgesteifte Platten beruht. Als La¨ngssteifen werden offene Querschnitte gewa¨hlt
und die Abmessungen sind so bestimmt worden, dass ein Biegedrillknicken der Steifen
nicht maßgebend wird. Um einen weiten Parameterbereich abzudecken, werden drei
unterschiedliche relative Steifigkeiten der La¨ngssteifen verwendet, sowie verschiedene
Seitenverha¨ltnisse der Beulfelder und Anzahl der Steifen.
Wie auch bei den experimentellen Untersuchungen bereits festgestellt wurde, hat
das Spannungsverha¨ltnis bei Platten unter mehrachsigen Spannungszusta¨nden einen
entscheidenden Einfluss auf den Versagensmodus, so dass fu¨r die numerischen Un-
tersuchungen mehrere Anfangsimperfektionen angesetzt werden, um ein Unterdru¨cken
von U¨berga¨ngen der Versagensmodi zu vermeiden. Die Parameterstudie selbst wird
mit Hilfe des ABAQUS-internen Python-Interpreters und parametrisierten Modellen
durchgefu¨hrt, bei denen die jeweiligen Parameter und Imperfektionen u¨ber Matlab-
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Subroutinen hizugefu¨gt werden. Es werden dabei die Interaktionsfa¨lle Zug–Druck,
Zug–Schub, Druck–Schub und Biegung–Schub fu¨r unausgesteifte Platten sowie biaxialer
Druck fu¨r ausgesteifte Platten betrachtet. Im Fall von auf Zug–Druck beanspruchten
Platten haben die Randbedingungen in erster Linie einen Einfluss auf das Tragver-
halten bei vorherrschend einachsigem Druck. Mit zunehmenden Zugspannungen ver-
schwinden diese Unterschiede, so dass ein vereinfachter Ausdruck hergeleitet wird, um
zu beurteilen, ob fu¨r unausgesteifte Fa¨lle Plattenbeulen maßgebend wird. Fu¨r den Fall
Zug–Schub wird eine gu¨nstige Wirkung der Zugspannungen beobachtet, vor allem fu¨r
ψ ≥ 0. Weitere numerische Untersuchungen konzentrieren sich auf das Beulverhal-
ten ausgesteifter Platten unter biaxialem Druck. Verschiedene Kombinationen von An-
fangsimperfektionen nach Anhang C, EN 1993-1-5 [36] werden dabei auf das numerische
Modell angesetzt. Die Ergebnisse zeigen die Empfindlichkeit ausgesteifter Platten unter
biaxialem Druck auf, bei denen ausgepra¨gte Abminderungen bei Verwendung schwacher
Steifen auftreten. A¨hnliche Ergebnisse wurden auch fu¨r lange ausgesteifte Platten
beobachtet, bei denen globales Versagen unter Querbelastung maßgebend wurde, wa¨hrend
fu¨r kleinere Seitenverha¨ltnisse in der Regel ein lokales Versagen auch unter Verwen-
dung schwacher Steifen beobachtet werden konnte. Fu¨r bestimmte Fa¨lle wurde ein
lokales Beulen der Teilfelder fu¨r einachsigen Druck in beiden Richtungen beobachtet,
wa¨hrend unter kombinierter Beanspruchung globales Versagen maßgebend wurde, so
dass eine “allgemeine Trennung der Lastfa¨lle” fu¨r ausgesteifte Platten nicht sinnvoll zu
sein scheint, da abtreibende Kra¨fte auf die Steifen zu globalem Versagen fu¨hren ko¨nnen.
Auf der Grundlage der durchgefu¨hrten Parameterstudien wird ein neuer Bemes-
sungsvorschlag entwickelt. Der Vergleich mit den numerischen Ergebnissen zeigt dabei
gute U¨bereinstimmungen fu¨r die untersuchten Lastfa¨lle und rechtfertigt den Ansatz der
positiven Effekte aus Zugspannungen sowie eine Verbesserung der Interaktion Biegung–
Schub. Zudem wurde fu¨r Platten mit frei verschieblichen Ra¨ndern der Widerstand teil-
weise u¨berscha¨tzt, wenn knickstaba¨hnliches Verhalten vorliegt. Dies wurde bereits von
Seitz [101] beobachtet, der eine Modifikation fu¨r die Interpolation zwischen plattenar-
tigem und knickstaba¨hnlichem Verhalten bei Querspannungen vorgeschlagen hat. Der
Ansatz wird im Rahmen dieser Arbeit fu¨r Querspannungen aufgegriffen und fu¨hrt zu
guten U¨bereinstimmungen mit den numerische Simulationen. Um den bemessenden In-
genieurinnen und Ingenieuren ein nu¨tzliches Werkzeug zur Durchfu¨hrung von Beulnach-
weisen nach dem vorgestellten Bemessungsvorschlag bereitzustellen, werden im Anhang
Interaktionsdiagramme fu¨r eine praktische Anwendung angegeben.
Die Ergebnisse dieser Arbeit erlauben eine Beru¨cksichtigung von Zugspannungen fu¨r
den Beulnachweis in U¨bereinstimmung mit den Prinzipien der Methode der reduzierten
Spannungen nach EN 1993-1-5 [36]. Des Weiteren wird das Thema der Modellierung
und Durchfu¨hrung von numerisch gestu¨tzten Berechnungen behandelt, insbesondere der
Ansatz von Anfangsimperfektionen.
Schlagwo¨rter:
Plattenbeulen, Stahlbau, unausgesteifte Platten, ausgesteifte Platten,
Interaktion, Methode der reduzierten Spannungen, Zugspannungen
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1 Introduction
1.1 Motivation
Modern steel constructions such as long span bridges are characterised by slender plated
structures and the optimisation of their fabrication. Steel plates then tend to buckle
due to high slenderness. Since often several internal forces act at the same time on
the cross-section, e.g. during the launching of a bridge, very complex multiaxial stress
states develop for these structures as illustrated in Fig.1.1.
Current design codes such as EN 1993-1-5 [36] give, apart from the possibility of using
the Finite Element Method, generally two different methods for the design of slender
plates. The first method, called “effective width method”, is based on the reduction of
the cross-section area taking into account the local buckling of the subpanels between
the stiffeners and the global buckling of the whole stiffened plate. This verification is
done for each individual action separately, while for the interaction of different forces
interaction formulas are used. The second method, which may be used for the design
of plated structures, is the so called “reduced stress method”. It is a classic concept
G
x
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zMx
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Vy
Vz
σx
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τ
τ
web
bottom flange
additional transverse stress
from web inclination
Figure 1.1: Loading of plates on a box-girder cross-section, based on [46].
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that limits the allowable stresses in the plate and uses a kind of von-Mises criterion to
check the combination of different stresses. This criterion was at first presented in [96]
and [95]. The reduction of the allowable stresses in comparison with the full strength
is a function of the slenderness of the regarded plate. For the reduced stress method
according to EN 1993-1-5 [36] the determination of the plate slenderness is based on the
complete stress field, resulting in a unique plate slenderness without the differentiation
for the single acting forces. [82] introduces “generalised buckling curves” with the aim
of an harmonisation and reduction of the overall number. These are included in Annex
B, EN 1993-1-5 [36].
Fig.1.2 shows exemplarily on the cross-section of a box-girder bridge how the in-
clination of the web may cause transverse tension stress in the bottom flange, which
can act stabilising on the buckling behaviour. Another example for the occurrence of
multiaxially loaded plates are cable-stayed bridges, see Fig.1.3, where (a) shows the con-
figuration for two outer hangers leading to transverse compression in the upper flange
and transverse tension in the bottom flange, while (b) shows the opposite case for a sin-
gle hanger in the middle of the cross-section. For the consideration of multiaxial stress
states such as biaxial compression or tension-compression, as well as for tension-shear
with the effective width method there is no option provided for the verification, since
the individual loads are in a first step considered separately, so that the design may only
be conducted with the reduced stress method.
The verification according to the reduced stress method as mentioned before is de-
rived from the von-Mises criterion with reduced allowable stresses due to buckling, see
Eq.(1.1). As here the reduction factors can be determined with a unique plate slender-
ness taking into account the complete stress field, the consideration of tension stresses
leads to positive effects. This gives theoretically the possibility of considering tension
stresses for a multiaxially loaded plate subjected to buckling, as there is a direct influ-
ence when determining the plate slenderness. Whether the influence of tensile stresses
is covered correctly by the design rules given in the code has not yet been investigated,
so that this work will clarify this issue.
(
σx,Ed
ρxfy/γM1
)2
+
(
σz,Ed
ρzfy/γM1
)2
−
(
σx,Ed
ρxfy/γM1
)(
σz,Ed
ρzfy/γM1
)
+3
(
τEd
χwfy/γM1
)2
≤ 1
(1.1)
Furthermore, recent investigations conducted by Braun [11] on unstiffened plates
under biaxial compression showed that the current rules in EN 1993-1-5 [36] may give
unsafe results, so that a correction is proposed by introduction of a so-called “V-factor”
in the design formula similar to DIN 18800-3 [22]. However, meanwhile questions have
raised on the behaviour of stiffened plates and if the proposed factor should be applied
also in this case in the formula or if this would lead to uneconomic results.
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Compression / Tension
Figure 1.2: Multiaxial stress state on a box-girder bridge (cross-section of the Lennetal bridge
in Hagen, Germany).
(a)
Compression
Tension
HangerHanger
(b) Compression
Tension
Hanger
Figure 1.3: Transverse compression and tension for hanger bridges, based on [8].
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1.2 Aim of this work and outline
The aim of this work is to analyse the buckling behaviour of multiaxially loaded plates
in order to increase the insight and to allow the enhancement of the current design
rules focusing on the reduced stress method according to Chapter 10, EN 1993-1-5 [36].
Therefore, the structure of this work is given in the following:
In Chapter 2 the basis for the design is presented starting from the elastic buckling
of flat plates and the effect of tension stresses on the buckling factor, which influences
directly the plate slenderness when using the reduced stress method according to EN
1993-1-5 [36]. Furthermore the design procedure is presented in detail and notes are
given on different interpretation possibilities, since the wording in the code is sometimes
unclear. Some relevant existing studies are summarised in the context of the conducted
investigations.
Chapter 3 shows the results of experimental investigations conducted on unstiffened
and stiffened plates subjected to biaxial tension-compression and moment-shear inter-
action highlighting the effect of multiaxial stresses on the buckling behaviour in terms
of the observed failure modes and resistances.
The numerical models used for further investigations on unstiffened and stiffened
plates are presented in Chapter 4, while the parametric studies are arranged in the
following Chapter 5. The investigations on unstiffened plates are conducted for the
cases of tension-compression, tension-shear and bending-shear, while for stiffened plates
the focus is on biaxial compression.
In Chapter 6 the results from the numerical investigations are compared to the
current design rules and an enhancement is proposed in order to take into account the
positive effect of tension stresses. Additionally a statistical evaluation according to
Annex D, EN 1990 [34] is conducted.
A summary of the conducted investigations is given in Chapter 7 as well as an
outlook for future work in this field.
4
2 Stability behaviour of flat plates
2.1 Elastic buckling of flat plates
The first approaches on describing the buckling behaviour of thin plates were devel-
oped to describe the linear buckling for linear material without the consideration of
imperfections and yielding. They represent the bifurcation phenomena of thin plates.
During the first years of using thin plated structures in the last century, the design was
conducted using the elastic critical load, which does not account for inevitable imper-
fections as well as any yielding of the panel. However, the positive effect of post-critical
strength reserves is not taken into account. The later discovered so called column-like
behaviour, which is present in plates with a high height-to-width ratio as well as for
longitudinally stiffened plates, can reduce the capacity of the plate decisively and is
treated more in detail in Sec.2.4.2.3. A detailed derivation of the differential equations
can be found in [10].
Dubas & Gehri [30] summarise the linear buckling theory in a historical review,
starting with de Saint-Venant [19], who established the differential equation of buck-
ling of a plate loaded in its plane. The simplified formulation of the differential equation
is shown in the following Eq.(2.1).
D ·∆∆(w) = Nxw′′ + 2Nxyw′⋆ +Nyw⋆⋆ (2.1)
Herein w is the transverse displacement, w′ its derivation in x direction and w⋆ the
derivation in y direction respectively, Nx = σx · t, Ny = σy · t and Nxy = σxy · t are the
in-plane forces per unit length, t the plate thickness and D the flexural rigidity of the
plate, which is defined according to Eq.(2.2).
D =
E · t3
12 · (1− ν2) (2.2)
where: E = 210 000N/mm2 : elastic modulus
ν = 0.3 : Poisson’s ratio
The solution of the differential equation Eq.(2.1) is found by an appropriate ap-
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proach complying with the assumed boundary conditions leading to the critical buckling
stresses, which usually is expressed as a product of the buckling coefficient and the Euler
reference stress according to Eq.(2.3a) and Eq.(2.3b).
σcr = kσ · σE (2.3a)
τcr = kτ · σE (2.3b)
where: kσ: buckling coefficient for direct stress
kτ : buckling coefficient for shear stress
σE : Euler reference stress
The Euler reference stress is determined according to Eq.(2.4) showing also a common
simplification.
σE =
pi2 ·D
b2 · t =
pi2 · E
12 · (1− ν2)
(
t
b
)2 ∼= 0.9 ·E · ( t
b
)2
(2.4)
Furthermore, it is noted that in contrast to the Euler column formula, where the
critical load refers to the column length, the Euler reference stress for plate buckling
refers to the plate width b.
2.2 Effect of multiaxial stress states on the elastic
buckling behaviour
2.2.1 General
Tension as well as compression stresses in transverse direction not only influence the
post-critical buckling behaviour and the resistance but also have a great impact when
calculating the critical buckling load. Therefore in Sec.2.2.2 a solution of the differ-
ential equation Eq.(2.1) for multiaxially loaded plates is shown according to Betten
& Shin [7] and additionally the derivation of a formulation is presented to ignore the
peaks between the transition points of the individual curves. These peaks for the linear
bifurcation analysis result from the non-continuously differentiable functions obtained
for the aforementioned solution of the differential equation. Lindner & Rusch [74]
recommend not to account for these peaks when calculating the plate slenderness, as
the effect is flattened out for high-grade non-linear calculations. Furthermore, in this
section the effect of multiaxial stress states on plates subjected to shear as well as on
stiffened plates is highlighted on the level of the elastic buckling behaviour.
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σx
σz
von Mises
Θ
Figure 2.1: Definition of interaction angle Θ.
2.2.2 Direct stresses
In order to investigate the full parameter range of interaction between direct stresses σx
and σz , the interaction angle Θ within this work is defined according to Fig.2.1. The
interaction angle can also be expressed by the parameter β in order to describe the
stress-ratio in the panel, see Eq.(2.5). Compression is denoted as positive direct stress.
β = σz/σx = − tan(Θ) (2.5)
Betten & Shin [7] present a solution to the differential equation Eq.(2.1) for rect-
angular plates under biaxial loading and for hinged boundary conditions, see Eq.(2.6).
The detailed derivation is omitted here with reference to [7].
kσ =
(
m2
α2
+ n2
)2
·
(
m2
α2
+ n2 · β
)−1
(2.6)
In the presented equation the parameters m and n indicate the number of half-waves
in x and y direction of the buckled shape, respectively. Fig.2.2 shows a set of curves for
different β-values in dependence on the panel aspect ratio α = a/b. Positive values for
β mean that the plate is subjected to biaxial compression, while negative values result
for biaxial tension–compression.
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The buckling coefficient kσ for calculating the critical buckling load strongly depends
on the panel aspect ratio α as well as on the stress state, or in other words the ratio
between the longitudinal and the transverse stress. It can be seen from Fig.2.2 how
transverse compression stresses reduce the buckling coefficient and therefore the critical
buckling load.
In contrast to this, transverse tensile stresses lead to increased buckling coefficients,
showing clearly the positive effect. Since the critical buckling stress is used as an input
parameter for the design according to EN 1993-1-5 [36] with an unique plate slenderness,
the shown positive effect from tensile stresses can theoretically directly be integrated
in the design of slender plates, see Sec.2.4.2. Nevertheless, no studies are known which
systematically have investigated this issue until now.
As the buckling coefficient kσ also depends on the number of half-waves in both
directions, see Eq.(2.6), Fig.2.2 shows the lower envelope for n = 1 in x-direction and
varying number of half-waves in z-direction m. For β = 0 (pure compression) the curve
is well known to result in kσ = 4 for plates where the panel aspect ratio has an integral
number and to have peaks where the curves for different half-wave modes intersect with
each other. The peaks become smaller and negligible with increasing panel aspect ratio
α. While for biaxially compressed plates the buckling coefficient is reduced compared
to plates under uniaxial compression and no peaks are visible in the regarded area, the
plates loaded with tension–compression show pronounced peaks when the curves with
different numbers of half-waves intersect each other. This effect increases with higher
ratios of tension stresses.
Another observation from Fig.2.2 is that the mentioned peaks on the transition points
of the buckling modes are reached for smaller panel aspect ratios α with increasing
tension. Or, in other words, the buckling mode jumps to a multi-half-wave mode with
increasing tension. In order to point out these peaks in the curves for the buckling
coefficient, Fig.2.3 shows the buckling coefficients for different panel aspect ratios α =
1 to 3 in relation to the buckling coefficient for an infinitely long plate, where the
interaction-angle is defined according to Eq.(2.5).
The peaks between the modes affect directly the slenderness and therefore the resis-
tance of the regarded plate, so that already Lindner & Rusch [74] recommend not
to account for them, as the effect is flattened out for high-grade non-linear calculations.
It is noted that EN 1993-1-5 [36] gives formulations for the calculation of the buckling
coefficient kσ for several cases, while DIN 18800-3 [22] just referred to literature.
The formulations given in EN 1993-1-5 [36] for plates loaded with uniaxial compres-
sion are not dependent from the panel aspect ratio α, so that here the peaks are not
accounted for. Especially with increasing tension stresses these peaks get more and
more pronounced. Therefore in the following a simple formulation attempting for a safe
determination of the slenderness for multiaxially loaded plates is derived. The basis is
the solution of the differential equation according to [7], see Eq.(2.6).
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Figure 2.2: Buckling coefficient kσ depending on the stress ratio β = σz/σx and panel aspect
ratio α = a/b.
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Since the first minima of the buckling coefficient is aimed at , the parameters m and
n are both set to 1:
km,n=1σ =
(
1
α2
+ 1
)2
·
(
1
α2
+ β
)−1
=
α4 + 2α2 + 1
α4β + α2
(2.7)
The first derivation over the panel aspect ratio α is calculated according to Eq.(2.8).
(
∂
∂α
)
km,n=1σ = −
(
4α4 + 4α2
)
β − 2α4 + 2
α7β2 + 2α5β + α3
(2.8)
For the determination of the minimum for the buckling coefficient, the counter is set
to zero:
0 =
(
4α4 + 4α2
)
β − 2α4 + 2 (2.9)
and for the sake of simplification α2 is substituted with ω, so that:
0 =
(
4ω2 + 4ω
)
β − 2ω2 + 2
= (4β − 2)ω2 + 4βω + 2 (2.10)
The positive solution of the quadratic Eq.(2.10) leads to Eq.(2.11).
ω = − 1
2β − 1 (2.11)
By resubstituting ω by α2 Eq.(2.12) shows the panel aspect ratio leading to the
minimum buckling coefficient depending on the stress ratio β < 0.5.
αk
min
σ =
√
−1
2β − 1 (2.12)
When inserting Eq.(2.12) into Eq.(2.7) the minimum buckling coefficient is deter-
mined according to Eq.(2.13).
kminσ = 4 (1− β) (2.13)
10
2.2 Effect of multiaxial stress states on the elastic buckling behaviour
 0
 2
 4
 6
 8
 10
 12
 14
-2 -1.5 -1 -0.5  0  0.5
 0
 0.5
 1
 1.5
 2
 2.5
 3
 3.5
β
kminσ
k
m
in
σ
αmin
α
m
in
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Fig.2.4 shows the influence of the stress ratio β on the minimum buckling coefficient
kminσ and the respective panel aspect ratio α
min calculated with Eq.(2.12) and Eq.(2.13).
The diagram shows that with increasing tensile stresses (negative β) the panel aspect
ratio α, where the minimum buckling coefficient occurs, is decreasing and the buckling
coefficient increases linearly.
It is recommended to use the kminσ values according to Eq.(2.13) that allow for ig-
noring the peaks between the buckling modes, since these do not occur for non-linear
calculations nor in reality, so that an underestimation of the plate slenderness may oc-
cur. A comparison between calculations with and without considering these peaks is
shown in Sec.6.
2.2.3 Shear stresses
The elastic critical shear buckling stress can be calculated in analogy to the one for
direct stress using Eq.(2.3b), where kτ is the buckling coefficient of the shear buckling
stress. This critical shear buckling stress coefficient has been evaluated for three dif-
ferent boundary conditions of edge support for plates subjected to pure shear [125].
Timoschenko [111], Bergmann & Reissner [6] and Seydel [102] developed solu-
tions for the case of a plate subjected to pure shear simply supported on four edges,
which is shown in Eq.(2.14a) and Eq.(2.14b).
Furthermore other solutions exist, such as for plates clamped on four edges and
11
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plates clamped on two opposite edges and simply supported on remaining two edges,
see [125] for further information. The solution presented for simply supported edges is
also included in Annex A, EN 1993-1-5 [36]. It should be noted here, that investigations
by Kuhlmann et al. [66] have shown, that simple (hinged) boundary conditions
have to be used when assessing the critical shear buckling stress according to design
resistance of Eq.(5.2) in Chapter 5, EN 1993-1-5 [36], as the buckling curves derived by
experimental tests already consider certain clamping effects, see also [67].
Fig.2.5 shows the shear buckling coefficient kτ for plates with aspect ratios α > 1
and hinged boundary conditions. Herein, the coefficient is plottet against 1/α in order
to show a larger range.
kτ =


4.00 +
5.34
α2
for α ≤ 1 (2.14a)
5.34 +
4.00
α2
for α ≥ 1 (2.14b)
Shear and direct stresses
Direct stresses have a significant influence on the shear buckling coefficient. Therefore,
and also because this is a frequent case in practice, the combinations shear-compression
and shear-bending are shown shortly in the following. A first interaction equation for
the case of shear combined with longitudinal compression with all sides simply sup-
ported was given by Iguchi [50]. The problem of bending and shear was treated by
Timoshenko [112] and an interaction formula was suggested by Chwalla [14]. Later,
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Figure 2.6: Interaction curves for buckling of flat plates under shear and uniform compression
and bending.
Gerard & Becker [47] developed an interaction formula for the case of combined
bending and direct stresses at the ends (of dimension b) acting together with pure
shear, see Eq.(2.15), which is also illustrated in Fig.2.6.
σc
σ∗c
+
(
σcb
σ∗cb
)2
+
(
τc
τ∗c
)2
= 1 (2.15)
where: σ∗c : critical stress under compression alone
σ∗cb: critical stress under bending alone
τ∗c : critical stress under shear alone
It can be seen that compression and bending have a different influence on the shear
buckling coefficient, so that in the later course of this work the investigations are con-
ducted for several ratios of compression and bending interaction with shear.
2.2.4 Stiffened plates under direct stresses
In contrast to unstiffened plates the analytical determination of the elastic buckling
stress for stiffened plates turns out to be much more complex, since many more param-
eters such as the cross-section or the location of the stiffeners are involved. Generally
the following methods exist for the calculation of the buckling coefficient kσ for longi-
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tudinally stiffened plated, see also [51]:
• From charts or tables;
• From simplified expressions;
• By using appropriate software or numerical techniques.
Several charts and tables have been published in the past for determining the critical
stress of longitudinally stiffened plates under uniaxial compression for instance from
Seide & Stein [100], Bleich & Ramsey [9], and Timoshenko & Gere [113] .
However, the most used buckling charts in practice are those from Klo¨ppel [54], [55].
The stiffness of the stiffener is represented by the non-dimensional parameters γ
(relative flexural stiffness), δ (relative axial stiffness) and Θs (relative torsional stiffness)
according to Eq.(2.16), where the reference flexural stiffness D of the plate is defined as
given in Eq.(2.17).
γ =
EIs
bD
, δ =
As
bt
, Θs =
GJs
bD
(2.16)
D =
Et3
12 (1− ν2) (2.17)
Herein, Is, As and Js represent the flexural inertia, the cross-sectional area and the
torsion constant of the stiffener respectively. E is the elastic modulus (210 000N/mm2
for steel), ν the Poisson’s coefficient (0.3 for steel) and G the shear modulus (G =
E/2 (1 + ν) = 80769N/mm2 for steel).
Fig.2.7 shows an exemplary chart taken from Klo¨ppel [55], where the buckling co-
efficients kσ can be taken graphically for a plate with hinged boundary conditions under
uniform compression and one stiffener with an axial rigidity of δ = 0.1 in dependence
on the panel aspect ratio α as x-coordinate and the flexural rigidity γ of the stiffener as
curve parameter. However, drawbacks are usually the small number of charts and the
limits of the graphs, which according to Johansson et al. [51] make them unpracti-
cable in many situations encountered in practice. Furthermore, as the charts have been
developed in former days when usually open stiffeners were used, the torsional rigidity
of the stiffeners was neglected.
Simplified expressions for the determination of the critical buckling factor for stiffened
plates are already implemented in Annex A, EN 1993-1-5 [36]. The procedure is shown in
Sec.2.4.2. For the sake of completeness it is mentioned here additionally, that Schafer
& Peko¨z [93] also provided a solution in a rather compact form for cold–formed steel
members with multiple longitudinal intermediate stiffeners, which was adopted in the
AISI standard [2]. As the critical buckling loads only depend from geometry, stiffness
and loading, the expressions may be also applied for welded structures.
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Figure 2.7: Buckling coefficients kσ over the panel aspect ratio α for a stiffened plate with
one stiffener and axial rigidity δ = 0.1 dependent from the flexural rigidity γ of
the stiffener according to [55].
Nowadays, the critical buckling coefficient can usually be calculated by appropriate
software tools. One of these programs is EBPlate [16], which was developed in the frame
of the RFCS-project COMBRI [66]. It allows for calculating the buckling coefficient for
almost any kind of situation and even for different stresses acting at the same time for
unstiffened as well as for stiffened plates. Furthermore the program has the possibility
to run in batch mode, allowing to incorporate it into subroutines e.g. with Matlab [79]
to generate and run input files for parametric studies.
The critical buckling stress σcr for a plate stiffened with one longitudinal stiffener
calculated with EBPlate is shown in Fig.2.8, where the values are calculated exemplarily
for the following dimensions: length a = 3000mm, width b = 2000mm and thickness
t = 10mm. The results show the influence of the bending stiffness γ of the stiffener and
the applied load interaction-angle Θ on the critical buckling stress. Therefore the axial
stiffness δ and the torsional stiffness are kept constant to 0.1 and 0.01 respectively.
It can be seen, that the critical buckling stress increases for positive interaction angles
in the compression–tension domain and decreases for the biaxial compression domain,
thus for negative interaction angles. With increasing flexural rigidity the critical buckling
stress also increases until it reaches a plateau where local buckling of the subpanels
prevails, so that a higher flexural rigidity of the longitudinal stiffener does not have
an influence anymore. The flexural rigidity where the plateau starts is denoted as the
minimum stiffness γ⋆. The critical buckling stress that corresponds to the first buckling
mode (also known as “natural” mode) is called “natural critical stress”, see [45]. It
15
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Figure 2.8: Influence of the load interaction angle Θ on the critical buckling stress in depen-
dence on the relative flexural stiffness γ.
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Figure 2.9: Buckling modes of a stiffened plate for Θ = 0◦ and Θ = 22.5◦.
can also be noticed from Fig.2.9 that the minimum stiffness γ⋆, where the natural
critical stress is dominated by local buckling, varies with the interaction angle Θ. The
exemplarily chosen cases highlight that the required stiffness of the stiffener to provoke
local buckling for the natural mode decreases with increasing tensile stresses and that
the natural critical stress also increses with increasing tensile stresses.
Fig.2.10 shows the critical buckling stress dependent on the interaction angle for
different flexural stiffnesses, pointing out the complexity and sensitivity of the topic,
since all parameters have a significant influence. Some exemplary eigenmodes, which
have been determined using EBPlate, are shown in Fig.2.11 for the regarded example
mentioned above, pointing out that for pure compression stronger stiffeners are needed
to prevent global buckling compared to the case of tension-compression interaction,
where even weak stiffeners are able to force local buckling.
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a) Θ = 0◦, γ = 16 b) Θ = 45◦, γ = 4
c) Θ = 0◦, γ = 32 d) Θ = 45◦, γ = 8
Figure 2.11: Eigenmodes from a linear buckling analysis using EBPlate.
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2.3 Strength and postbuckling behaviour of flat plates
2.3.1 Direct stresses
While for columns, due to imperfections, the ultimate load is always lower than the elas-
tic critical load, plates may possess a pronounced postcritical strength reserve, which
results in ultimate loads being higher than the critical load, see Fig.2.12. This post-
critical strength reserve comes from the development of a double curvature when the
plate buckles and is illustrated in a descriptive way in [125] by the analogy to a sim-
ple grillage model. Thereby, the continuous plate is replaced by vertical struts in the
load direction and horizontal ties in the perpendicular direction. As the struts buckle
outwards, the ties are stretched and tend to restrain the motion and thus provide a
postbuckling strength reserve. For plates this means that in perpendicular direction to
the load tension stresses occur due to the activated extensional stiffness.
Furthermore, the simple grillage model visualises that the struts closer to the sup-
ported edges are restrained more by the ties than the struts in the middle of the plate,
resulting in a redistribution of the longitudinal in-plane direct stresses, the so-called
membrane stresses. Fig.2.13 shows the stress distribution before and after passing the
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Figure 2.13: Stress distribution before and after passing the critical load, on the basis of [85].
critical load, highlighting on the one hand the stress redistribution to the edges in load
direction and on the other hand the development of tension stress in perpendicular direc-
tion. Of course, the development of these tension stresses is dependent on the boundary
conditions of the edges. If the unloaded edges are restrained, then the tension stresses
are higher than if the edge is free to move in plane. Therefore different edge boundary
conditions are investigated within this work, see Sec.4.
It should be noted here that the mentioned postcritical strength reserve can only
be accounted for, if so-called “plate-like” behaviour prevails. In certain cases where
“column-like” buckling is decisive, as the name implies, the plate behaves more like a
column not taking into account the advantages of postcritical strength reserves, since
the Gaussian curvature of the buckled plate becomes insignificant. However, for more
information and on how this phenomena is accounted for in the design, reference is made
to Sec.2.4.2.3.
2.3.2 Shear
Fig.2.14 shows the web of a girder subjected to shear load. For pure shear stress below
the critical load (τ < τcr) the principal stresses by equilibrium are equal according to
amount and inclined by 45◦ based on the girder axis. With increased shear load (τ > τcr)
and for slender webs this stress state changes fundamentally. Due to shear buckling the
principal tensile stresses increase faster than the principal compression stresses, leading
to a rotation of the principal stresses for reasons of equilibrium, where the principal
tensile stresses are in direction of the developed shear buckle. The shear stress field
passes over to a tension field action, see Fig.2.14. This presumes boundary elements
that provide a certain anchorage allowing to develop a tension diagonal. For the design
rules according to EN 1993-1-5 [36] the so-called “modified rotated stress field method”
from Ho¨glund [49] has been adopted. Additionally, when using the effective width
method the possibility is given for taking into account the development of a plastic
hinge mechanism in the flanges, which participate in the load bearing. However, when
the reduced stress method is used, this effect is not taken into account, since in any case
isolated panels are regarded.
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Figure 2.14: Tension field action, on the basis of [125].
2.4 Comparison of different design rules
2.4.1 Evolution of buckling rules in Germany
Theoretical but particularly experimental investigations on plates under multiaxial stress
states are very limited. The design rules for multiaxially loaded plates prone to buckling
are based on investigations, which have been conducted mainly in the 1970s on square
plates.
As this work focuses on the reduced stress method, which was mainly developed in
Germany during the last century and is of practical relevance ibidem, the evolution of
the buckling rules in Germany is summarised in Tab.2.1 starting from DIN4114 [23]
in 1952. In the beginning, the design rules were meant for webs under primarily shear
stresses. However, in the course of the development of box-girders the rules have been
applied also for the design of longitudinally stiffened flanges. Since the phenomena of
column-like behaviour was not yet sufficiently known, several cases of damage occurred
in the late 1960s and early 1970s, especially during the launching of steel box-girder
bridges. As a reaction at short notice in 1972 increased safety requirements have been
defined in a supplemental decree [1] for steel bridges, which have been then later adopted
within supplemental regulations in [24] for all steel constructions.
So far, the verifications have been conducted using critical loads and Engesser buck-
ling curve without considering imperfections. For the determination of the shear resis-
tance the increase coming from yielding was already taken into account. This changed
in 1978 with the implementation of the DASt-Richtlinie 012 [17] resulting from a
research programme undertaken by the DASt as a reaction on several cases of damage,
where it became possible to determine the ultimate load from buckling curves, which
included imperfections, using slenderness values. In 1990, with the introduction of the
DIN18800-3 [22], the design rules were completely revised and the determination of the
stresses was carried out for the first time on a design level. The new buckling curves
included the effect of imperfections as well as the effect of postcritical strength reserves,
22
2.4 Comparison of different design rules
which are of essential importance especially for plates with high slenderness. The calcu-
lation of the reduction was done for each load component separately using the respective
slenderness.
As a further development of the buckling rules Scheer & No¨lke [96] in 2001 spec-
ified the following criteria for a “generalised equivalent stress design”:
A. In the frame of the linear buckling theory only one decisive buckling shape result
for a multiaxially loaded plate. Appertaining to it an equivalent critical buckling
load σeq,cr exists.
B. For the limit case of stocky plates not subjected to buckling the design check should
merge into the von Mises criterion.
C. For the limit case of uniaxial loading the design check should merge with the respec-
tive verification.
D. The stabilising effect of tensile stresses should be taken into account.
E. The utilisation factor should be for direct reading from the results of the verification.
F. The design rules should be user-friendly and easily programmable.
G. The results should be plausible and sufficiently accurate.
H. Obviously a generalised form of the equivalent stress hypothesis is appropriate.
I. For biaxial compression the limiting stresses limit σx should decline monotonously
with increasing σy/σx-ratio.
The postulations B, C, H and F are fulfilled by the design rules in DIN18800-3 [22],
see [96]. The determination of the reduction factors was conducted for the respective load
and the corresponding slenderness as input parameter separately. This means, that for
each acting load the slenderness is calculated individually. This changed with the official
introduction of EN1993-1-5 [36] in 2010. The determination of the reduction factors
using the reduced stress method now occurs with a unique plate slenderness, which
includes the complete stress field fulfilling also the postulation A. The consideration
of the stabilising effect of tensile stresses is possible in principle. However, systematic
investigations are missing, so that the investigations of this work aim at fulfilling also
postulation D.
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Table 2.1: Evolution of buckling rules in Germany, extended table on the basis of [96].
Year 1952 1972 1978 1990 2010
Rule DIN 4114 [23] Decree [1] DASt-Ri 012 [17] DIN 18800-3 [22]
EN 1993-1-5 [36]
(Chapter 10)
Application webs webs and flanges
Loads σ, τ (nominal loads) σ, τ (design loads)
Design basis individual buckling stress σKi, τKi
equivalent buck-
ling stress σv,cr
Correction reduction for σKi and
√
3 · τKi >
0,8 · σF
- - -
Resistance
functions
σV K and τV K from Engesser
buckling curve
σV K , τV K from
one buckling
curve with
λ¯p =
√
fy,k/σKi
or
√
fy,k/
√
3τKi
σPR, τPR from
individual
buckling curves
with
λ¯p =
√
fy,k/σKi
or
√
fy,k/
√
3τKi
reduction factors
from individual
buckling curves
with one single
slendeness λ¯p =√
αult,k/αcr
Check σV K/σ ≥ req νV K and τV K/τ ≥ req νB
σP,R,d/σ ≥ 1,0
and
τP,R,d/τ ≥ 1,0
yield criterion
with reduced
parts
Utilisation of
post-critical
strength
reserves by
smaller values
for req νB
not accounted
for
case dependent
req νB
buckling curves
Consideration of
imperfections
no no in buckling curve in buckling curves
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2.4.2 EN 1993-1-5
2.4.2.1 General design procedure
The design of slender plates in Europe is currently conducted according to EN 1993-
1-5 [36], which gives, apart from the possibility of using the Finite Element Method,
generally two different methods for the design of slender plates. The first method, called
“effective width method”, is based on the reduction of the cross-section area taking
account of local buckling of the subpanels between the stiffeners and the global buckling.
This verification is done for the individual actions, while for the interaction of different
forces interaction formulas are used. The “effective width method” has the advantage
of considering stress redistribution between the panels. But for the consideration of
multiaxial stress states, such as biaxial compression or tension-compression, as well as
for tension-shear there is no option for verification provided yet.
The second method which may be used for the design is the so–called “reduced stress
method”. It is a classic concept that limits the allowable stresses in the plate and uses a
kind of von Mises criterion to check the combination of different stresses. This criterion
was at first presented by Scheer & No¨lke in [95] and [96]. The reduction of the
allowable stresses in comparison with the full strength is a function of the slenderness
of the regarded plate. For the reduced stress method according to EN 1993-1-5 [36] the
determination of the plate slenderness is based on the complete stress field, resulting in
a unique plate slenderness without the differentiation of the single acting forces.
In [82] Mu¨ller introduces “generalised buckling curves” with the aim of an har-
monisation and reduction of the overall number. These are included in Annex B, EN
1993-1-5 [36]. Fig.2.15 shows the principle of the procedure for the buckling check
according to Chapter 10, EN 1993-1-5 [36].
At first, the minimum load amplifiers for the design loads to reach the characteristic
value of resistance on the most critical point of the plate αult,k and the minimum load
amplifier for the design loads to reach the elastic critical stress state of the plate under the
multiaxial stress field αcr are determined. With these factors the system slenderness can
be calculated, which serves as the input parameter for the calculation of the reduction
factors used in the last step to carry out the design check. EN 1993-1-5 [36] thereby
limits the application of the verification formula in case of panels with tension and
compression only for the compressive parts.
It still remains unclear, if for the preceding steps 1 − 4 in Fig.2.15 tension stresses
may be considered or not in case of biaxially loaded plates in tension and compression.
One possible interpretation of EN 1993-1-5 would be that tension stresses should not
be considered for the last step, but could still be used for the determination of the
slenderness in step 3. With increasing tension stresses this would lead to a decreasing
slenderness leading in turn to higher reduction factors. If in this case the tension stresses
remain disregarded for the last step 6, the resistance increases with increasing tension
stresses without considering the plastic destabilisation in the verification formula.
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1. Stress state
2. Load amplifiers
αult =
fy
σv,Ed
αcr =
σcr
σv,Ed
3. Slenderness
λ¯p =
√
αult
αcr
4.1 Column reduction factors
χc,x
(
λ¯p
)
, χc,z
(
λ¯p
) 4.2 Plate reduction factors
ρx
(
λ¯p
)
, ρz
(
λ¯p
)
, χw
(
λ¯p
) 4.3 Interpolation factor
ξ = σcr,pσcr,c − 1
5. Final reduction factors
ρc = (ρ− χc) · ξ · (2− ξ) + χc
6. Verification(
σx,Ed
ρxfy/γM1
)2
+
(
σz,Ed
ρzfy/γM1
)2
−
(
σx,Ed
ρxfy/γM1
)(
σz,Ed
ρzfy/γM1
)
+3
(
τEd
χwfy/γM1
)2 ≤ 1
Figure 2.15: Design procedure according to Chapter 10, EN 1993-1-5 [36].
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Eq.(2.18) shows the determination of the global slenderness, where αult,k is the min-
imum load amplifier for the design loads to reach the characteristic value of resistance
on the most critical point of the plate and αcr is the minimum load amplifier for the
design loads to reach the elastic critical stress state of the plate under the multiaxial
stress field.
λ¯p =
√
αult,k
αcr
(2.18)
Fig.2.16 illustrates the development of the slenderness in dependence on the interaction-
angle Θ presented in Sec.2.2.2 normalised to the slenderness for uniaxial compression
λp,0 for a square plate (α = 1) and a long plate (α = 3) in polar coordinates. It can be
seen how the slenderness in the biaxial compression domain increases up to ≈ 1.4 times
the slenderness for pure compression and ≈ 2.0 respectively for the regarded long plate.
For the tension–compression interaction the slenderness diminishes approaching to zero
for pure tension.
The verification according to Chapter 10, EN 1993-1-5 [36] is done with a kind of
von Mises criterion, see Eq.(2.19). Within the shown equation ρx , ρz and χw are the
reduction factors which reduce the yield stress due to plate buckling taking into account
column-like behaviour where relevant, see Sec.2.4.2.3.
(
σx,Ed
ρxfy/γM1
)2
+
(
σz,Ed
ρzfy/γM1
)2
−
(
σx,Ed
ρxfy/γM1
)(
σz,Ed
ρzfy/γM1
)
+3
(
τEd
χwfy/γM1
)2
≤ 1
(2.19)
where: σx,Ed; σz,Ed; τEd: Acting stresses
ρx; ρz; χw: Reduction factors for each stress
fyd: Yield strength
γM1: Partial safety factor
The determination of the reduction factors according to Chapter 10, EN 1993-1-5 [36]
can be done by the buckling curves given in Chapter 4 and 5 or from Annex B as well.
While the buckling curves in Chapter 4 (direct stresses) and Chapter 5 (shear stresses)
take as much advantage as possible from the postcritical strength reserve, the buckling
curves provided in Annex B, which were derived by Mu¨ller [82] in a general format,
are more conservative and do not account for the postcritical strength reserve as much
as the aforementioned ones. However, Braun showed in [11] by numerical simulations
that the recalculation of the buckling curves strongly depends on the chosen boundary
conditions, see also Sec.4.6.2.
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Figure 2.16: Normalised slenderness values over the whole interaction range of direct stresses
considering the complete stress field.
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2.4.2.2 Buckling curves for direct stresses
The buckling curve given in Chapter 4 is based on the Winter curve for longitudinal
stresses, taking into account also the stress ratio, see Eq.(2.20).
ρ =
λ¯p − 0.055 · (3 + ψ)
λ¯2p
≤ 1.0 (2.20)
for: λ¯p > 0.5 +
√
0.085− 0.055 · ψ
else: ρ = 1.0
where: ψ: Stress ratio (= 1 for pure compression; = −1 for pure bending)
The buckling curves in Annex B as mentioned before have a general format similar
to the buckling curves for columns given in EN 1993-1-1 [35]. Even if they might look
identical at the first sight, they differ, since the buckling curves are derived by Mu¨ller
[82] as a solution of the Ayrton-Perry formulation. Grotmann [48] already proposed
an expression with the Ayrton-Perry format in order to avoid different formulations, but
the proposal was contested by Mu¨ller [82] and a formulation according to Maquoi
& Rondal [77], [78] was derived as shown in Eq.(2.21).
(1− ρ) · (1− ρ · λ¯γp) = αp · (λ¯p − λ¯p,0) · ρ (2.21)
Herein, the term αp · (λ¯p − λ¯p,0) is the imperfection parameter depending on the
slenderness, where the imperfection parameter αp characterises the plate buckling curve
and λ¯p,0 is the length of the plateau. While the column buckling curves in EN 1993-
1-1 [35] are derived using the coefficient γ = 2, Mu¨ller uses the parameter γ = 1 for
plate buckling leading to the solution given in Annex B of EN 1993-1-5 [36] shown in
Eq.(2.22).
ρ =
1
φp +
√
φ2p − λ¯p
(2.22)
where: φp =
1
2 · (1 + αp · (λ¯p − λ¯p,0) + λ¯p)
The values for λ¯p,0 and αp for direct stresses according to Annex B, EN 1993-1-5 [36]
are summarised in Tab.2.2. A distinction is made for different stress ratios ψ ≥ 1 and
ψ < 1 as well as for transverse stresses. All buckling curves for direct stresses are drawn
in Fig.2.17 in comparison with the Euler curve.
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Table 2.2: Values for λ¯p,0 and αp for direct stresses according to Annex B, EN 1993-1-5 [36]
for welded sections.
loading αp λ¯p,0
longitudinal stresses for ψ ≥ 1 0.34 0.7
longitudinal stresses for ψ < 1 0.34 0.80
transverse stresses 0.34 0.80
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Figure 2.17: Buckling curves for longitudinal and transverse stresses according to
EN 1993-1-5, Ch. 10.
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Figure 2.18: Isometrical illustration of the resistance interaction curves according to EN
1993-1-5, Chapter 10 (α = 1).
The input parameter for the reduction factors is the plate slenderness, see Eq.(2.18),
so that the consideration of tensile stresses leads to smaller slenderness values and
therefore to higher reduction factors. The evaluation of the design equation with tension
stresses and the development of the slenderness with increasing interaction-angle is
shown for square plates in Fig.2.18 for different b/t-ratios using the buckling curves from
Ch. 4, EN 1993-1-5 [36]. The investigated plates have a yield stress of fy = 355N/mm
2.
A projection of the curves from the isometrical illustration in Fig.2.18 to the σx/fy–σz/fy
plane leads to the interaction curves shown in Fig.2.19 for the considered b/t-ratios, so
that the influence of tension stresses on the resistance for biaxially loaded plates as
predicted by EN 1993-1-5 [36] can directly be identified.
2.4.2.3 Column-like behaviour
The development of a double curvature of the plate is of essential importance for
the post-buckling strength reserve. Since the plate buckling curves consider the post-
buckling strength reserve, a special treatment is needed for plates where a double curva-
ture does not occur. The most obvious case is a plate without longitudinal supports as
shown in Fig.2.20 a), which behaves completely like a column. Column-like behaviour
occurs also for small aspect ratios α, where the restraints from the lateral supports do
not influence the behaviour of the plate in the middle and therefore only a single cur-
vature can develop, see Fig.2.20 b). The third case where column-like buckling can be
observed depends on the stiffness ratio of both directions of the plate as for stiffened
plates shown in Fig.2.20 c).
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Figure 2.19: Resistance interaction curves according to EN 1993-1-5, Chapter 10 (α = 1).
a) no longitudinal supports
b) small aspect ratio α c) longitudinally stiffened
Figure 2.20: Cases for column-like buckling behaviour.
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To take into account the column-like behaviour of a plate, an interaction between the
plate buckling and column-buckling curves is conducted according to Eq.(2.23) leading
to a final reduction factor ρc. It is noted here, that in the recent past a discussion
arose on if the critical plate buckling stress σcr,p should in this case be applied using the
complete stress field or only the normal stresses in the regarded direction. The latter
procedure is recommended in relevant literature as e.g. [12], [99], [116], [117] and also
followed by Braun in [11]. This approach is also used for the present work, as the
derivation of the formulation is conducted on uniaxially loaded plates with an aspect
ration α ≤ 1, see [42] and [43].
ρc = (ρ− χc) · ξ · (2− ξ) + χc (2.23)
where: ξ =
σcr,p
σcr,c
− 1 but 0 ≤ ξ ≤ 1
In case of an unstiffened plate the elastic critical column buckling stress σcr,c is
obtained with Eq.(2.24).
σcr,c =
pi2E t2
12 (1− ν2) a2 (2.24)
For the determination of the reduction factor χc due to column-like behaviour the
European buckling curve a (EBC a) from EN 1993-1-1 [35] is used for unstiffened plates,
while for stiffened plates a distinction is made for closed-section stiffeners using EBC b
and open-section stiffeners using EBC c. The equation for the general format European
buckling curves is shown in Eq.(2.25).
χc =
1
φ+
√
φ2 − λ¯2c
(2.25)
where: φ = 12 · (1 + α · (λ¯c − 0.2) + λ¯2c)
Herein, using Chapter 10, EN 1993-1-5 [36] the slenderness λ¯p according to Eq.(2.18)
is taken as input parameter instead of λ¯c, see also [4], [12] and [51]. In case of longitu-
dinally stiffened plates, the eccentricity of the stiffeners with respect to the plate needs
to be accounted for by increasing the value of the generalised imperfection parameter
α, see Eq.(2.26).
αe = α +
0.09
i/e
(2.26)
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where: α = 0,34 (curve b) for closed section stiffeners
= 0,49 (curve c) for open section stiffeners
e = max(e1, e2) is the largest distance from the
respective centroids of the plating and the one-sided stiffener
(or of the centroids of either set of stiffeners when present on both sides)
to the neutral axis of the effective column;
i =
√
Isl,1
Asl,1
;
Isl,1 is the second moment of area of the gross cross section
of the stiffener and the adjacent parts of the plate,
relative to the out-of-plane bending of the plate;
Asl,1 is the gross cross-sectional area of the stiffener
and the adjacent parts of the plate.
For the evaluation of long plates (e.g. α = 3) shown in Fig.2.21 the interpolation
between plate-like and column-like behaviour is evident looking at the σz/fy – λ¯p plane.
The upper dashed curve denotes the plate-buckling curve from EN 1993-1-5 [36], while
the lower curve is the column-buckling curve according to EN 1993-1-1 [35]. The inter-
action curves for long plates with α = 3 are projected to the σz/fy – σx/fy plane and
shown for the complete interaction domain in Fig.2.22.
The first quadrant shows the interaction curves for biaxial compression, where σz
is applied on the long side and σx is applied on the short side. The second quadrant
denotes the tension–compression domain with compression applied on the long side,
where a mixed plate–like and column–like behaviour is present, see also Fig.2.21. The
fourth quadrant also shows the tension–compression interaction, but for the short edge
being in compression. The interaction curve in this case is very similar to the interaction
curve for a square plate, with the only difference being caused by different peaks of the
buckling coefficients as described in Fig.2.3 of Sec.2.2.2.
2.4.2.4 Buckling curves for shear stress
The buckling curves for shear stress can be either determined by Chapter 5 or by Annex
B. In Chapter 5 the buckling curves for shear stress are different for rigid end post and
non-rigid end post, where the reduction factors χw are based on the rotated stress field
method, but finally defined from test results to get a proper safety margin, see [51]. The
equations for the determination of the reduction factors χw are summarised in Tab.2.3.
Herein η is the coefficient that includes the increase of shear resistance at smaller web
slenderness. This coefficient is derived from tests on beams with stocky webs, where the
ultimate resistance in shear was found to reach 0.7 to 0.8 times the yield strength in
tension. In the commentary on EN 1993-1-5 [51] two reasons are given for this behaviour:
The first one is due to strain hardening of the steel, which may be utilised because it
does not give excessive deformations. The second reason is said to be probably due to
a contribution from the flanges. Since these two effects cannot be easily separated, the
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Figure 2.21: Interaction curves according to EN 1993-1-5, Chapter 10 (α = 3).
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Figure 2.22: Interaction curves according to EN 1993-1-5, Chapter 10 (α = 3).
35
2. Stability behaviour of flat plates
Table 2.3: Reduction χw for shear buckling according to Chapter 5, EN 1993-1-5 [36].
Rigid end post Non-rigid end post
λ¯p < 0.83/η η η
0.83/η ≤ λ¯p < 1.08 0.83/λ¯p 0.83/λ¯p
λ¯p ≥ 1.08 1.37/(0.7 + λ¯p) 0.83/λ¯p
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Figure 2.23: Buckling curves for shear stresses according to EN 1993-1-5, Ch. 10.
increase in resistance should not be taken into account for isolated shear panels that are
not attached to flanges to form I-like cross sections. The tests have been conducted for
steel grades up to S460, so that the increase can be considered for the mentiond cases
by the coefficient η = 1.2.
The shear buckling reduction according to Annex B of EN 1993-1-5 [36] is done in
the same format as given in Eq.(2.22) using the values for λ¯p,0 = 0.80 and αp = 0.34,
which are the same as for longitudinal stresses with ψ < 0 as shown in Tab.2.2. The
shear buckling curves according to Chapter 5 and Annex B are shown in Fig.2.23 in
comparison to the Euler curve.
For the case of interaction between direct stresses (ψ = 1) and shear stresses, the
normalised slenderness over the whole interaction range is shown in Fig.2.24 and the
interaction curves for different b/t-ratios are show in Fig.2.25. In contrast to the tension-
compression interaction curves, the curves are obviously symmetric for positive and
negative shear stresses. It is also noticeable, that the influence of tensile stresses have a
larger influence on the shear buckling resistance than on the buckling resistance due to
direct stresses as shown previously in Fig.2.19.
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Figure 2.24: Normalised slenderness values over the whole interaction range of shear and
direct stresses considering the complete stress field, α = 2.
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Figure 2.25: Resistance interaction curves according to EN 1993-1-5, Chapter 10 (α = 2).
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Figure 2.26: Interaction curves according to Interpretation A and B of EN 1993-1-5, Chapter
10 (b/t = 100, ψ = 0).
EN 1993-1-5 [36] gives in Sec. 10 (5) Note 2 the recommendation to apply the veri-
fication formula only for compressive parts within the buckling verification. The note
might be interpreted as a recommendation not to account for the positive effect of
tension stresses on the buckling behaviour because information on appropriate inve-
stigations are missing. However, Fig.2.19, Fig.2.22 and Fig.2.25 show the interaction
curves considering the effect of the tension stresses in the determination of the critical
buckling load for calculating the plate slenderness and using the design formula shown
in Eq.(2.19).
Evaluations of the existing rules in Chapter 10, EN 1993-1-5 [36] conducted by Braun
[11] for the biaxial case of compression show some pronounced interaction curve shapes
where discrepancies are observed in comparison with numerical results leading to a
modification of the current design rules. Therefore, similar results may also exist for the
interaction of multiaxial stress states like biaxial tension–compression, tension–shear or
compression–shear.
Furthermore, one question that occurs when applying the design approach to a plate
subjected to a direct stress gradient (ψ 6= 1) and shear, is where to perform the design
check, see exemplarily Fig.2.26 a). In interpretation A the buckling verification is con-
ducted at point ①, while in interpretation B the buckling check is conducted at point
② and material yielding is verified at point ①. This means, that in interpretation B the
two phenomena are regarded separately, while in interpretation A both are regarded at
once, leading to a quicker procedure. Fig.2.26 b) shows exemplarily what this means
for the interaction curves of the resistance. It can be seen, that interpretation A and B
are almost the same and a difference can be observed just when approaching to the von
Mises criterion, where in interpretation A the plastic destabilising effect of the tension
stresses cause a stronger reduction of the applicable shear stress, while interpretation B
proceeds until it reaches the von Mises criterion, where material yielding is decisive.
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2.4.2.5 Stiffened plates
For assessing the global plate buckling stress of stiffened plates EN 1993-1-5 [36] provides
a procedure within the informative Annex A. The calculation of the buckling stress is
given separately for equivalent orthotropic plates with at least three longitudinal stiffen-
ers (A.1), for plates with one or two stiffeners (A.2) and for stiffened plates subjected to
shear (A.3). Alternatively the use of Klo¨ppel-charts [54], [55] is possible for certain cases
giving the buckling stress for longitudinally stiffened plates, see Sec.2.2.4. It should be
noted, that these charts apply only for flexible stiffeners (γ < γ⋆) in so far as they allow
only to enable the natural critical stresses to be determined [45], see also Fig.2.9.
However, nowadays software solutions are also available for this purpose such as
EBPlate [16], a software tool that was developed in the frame of the European project
COMBRI [66]. EBPlate calculates the natural buckling modes of unstiffened or stiffened
plates, but can be used to also assess the global critical buckling stress of longitudinally
stiffened plates. Therefore the longitudinal stresses which would cause local buckling
in the subpanels are transferred to the stiffeners, by simulating a specific orthotropic
behaviour of the plate.
If numerical software solutions like EBPlate [16] are used, a detailed procedure is
described and demonstrated by several practical example calculations by Sedlacek
et. al in [99]. The German National Annex DIN EN 1993-1-5/NA [25] gives a non-
contradictory complementary information containing references, where the literature
mentioned above is also included. Therein two models are used for the buckling checks,
one discrete model to determine the local buckling behaviour and one orthotropic plate
model with smeared stiffeners for the global buckling behaviour. As the code allows
for several interpretations for multiaxially loaded stiffened panels, Pourostad [86]
conducted an intense parametric study with different approaches for the assessment of
the resistance curves, confirming that the procedure demonstrated by [99] gives the most
plausible results.
In the following, the procedure for assessing the critical plate buckling stress is shown
according to Annex A.2.2 of EN 1993-1-5 [36]. Therefore for the case of one and two
stiffeners the stiffened plate is simplified by a fictitious isolated strut supported on an
elastic foundation reflecting the plate effect in the direction perpendicular to this strut
using Eq.(2.27).
σcr,sl =
1.05E
Asl,1
√
Isl,1 t3 b
b1 b2
if a ≥ ac
σcr,sl =
pi2E Isl,1
Asl,1 a2
+
E t3 b a2
4 pi2 (1− ν2)Asl,1 b21 b22
if a < ac
(2.27)
with: ac = 4.33
4
√
Isl,1 b21 b
2
2
t3 b
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where: Isl,1 is the second moment of area of the gross cross section
of the stiffener and the adjacent parts of the plate,
relative to the out-of-plane bending of the plate;
Asl,1 is the gross cross-sectional area of the stiffener
and the adjacent parts of the plate.
In case of a stiffened plate with two longitudinal stiffeners the elastic critical plate
buckling stress should be taken as the lowest of those computed for the cases where at
first it is assumed that one of the stiffeners buckles while the other one acts as a rigid
support and secondly buckling of both the stiffeners simultaneously is accounted for by
considering a single lumped stiffener that is substituted for both individual ones such
that:
1. its cross-sectional area Asl,1 and its second moment of area Isl,1 are respectively
the sum of that for the individual stiffeners and
2. it is positioned at the location of the resultant of the respective forces in the
individual stiffeners.
It is worth mentioning that in Annex A.2.1 of EN 1993-1-5 [36] an alternative method
is introduced, where global buckling of the stiffened plate is checked by a buckling
verification of the most compressed stiffener. However, as the clauses A.2.1 (3) to (6)
do not concern the topic mentioned in the title of Annex A.2 (critical plate buckling
stress) and there is also some unclear and inconsistent wording, an amendment has been
proposed for improving this issue, see [18].
Plates that are stiffened with three or more longitudinal stiffeners can be treated as
equivalent orthotropic plates according to Annex A.1 of EN 1993-1-5 [36] taking the
elastic critical plate buckling stress according to Eq.(2.28).
σcr,p = kσ,p σE (2.28)
where: kσ,p is the buckling coefficient according to orthotropic plate theory with
the stiffeners smeared over the plate according to Eq.(2.29).
kσ,p =
2
((
1 + α2
)2
+ γ − 1
)
α2 (ψ + 1) (1 + δ)
if a ≤ 4√γ
kσ,p =
4
(
1 +
√
γ
)
(ψ + 1) (1 + δ)
if a > 4
√
γ
(2.29)
with: ψ = σ2σ1 ≥ 0.5
γ = IslIp
δ = AslAp
α = ab ≥ 0.5
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where: Isl is the second moment of area of the whole stiffened plate
Ip is the second moment of area for bending of the plate
= b t
3
12(1−ν2) =
b t3
10.92
Asl is the sum of the gross areas of the individual longitudinal stiffeners
Ap is the gross area of the plate = b t
σ1 is the larger edge stress
σ2 is the smaller edge stress
As mentioned before, stiffened plates can also have a pronounced column-like be-
haviour, see Fig.2.20, so that the interaction formula shown in Eq.(2.23) is used for
calculating the final reduction factor taking into account these effects. It is worth men-
tioning, that an assumed “safe-sided” underestimation of the elastic critical column
buckling stress leads to an increased factor ξ in the aforementioned formula and in turn
to an underestimation of the column-buckling effect.
The elastic critical column buckling stress of a stiffened plate σcr,c may be deter-
mined from a linear extrapolation of the elastic critical column buckling stress σcr,sl of
the stiffener closest to the panel edge with the highest compressive stress according to
Eq.(2.30). For stiffened plates loaded with pure compression σcr,c = σcr,sl.
σcr,sl =
pi2E Isl,1
Asl,1 a2
(2.30)
However, the code is somehow not clear in the description of the reduced stress
method, so that difficulties may arise especially for stiffened plates when trying to apply
the design rules, see [117]. Since there is no distinction between local and global buckling
in the code, Timmers [110] picked up this issue comparing to possible interpretations:
• Method 1
The determination of the minimum load amplifier for the design loads to reach the
elastic critical stress state of the plate is conducted numerically on a model including
local buckling. The load amplifier is then defined as αcr = min
(
αcr,gl; αcr,loc
)
. This
value is used for the calculation of the plate slenderness and for the reduction factors
ρ and χc. The calculation of ξ is done according to Eq.(2.23) for global buckling.
Afterwards one single verification is conducted for the complete plate.
• Method 2
This method consists of a verification against local buckling of the decisive panel
(with αcr,loc) and a verification against global buckling excluding local buckling of
the subpanels (with αcr,gl). The final reduction factor is then calculated as ρc =
min
(
ρc,loc; ρc,gl
)
.
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A comparison of numerical simulations with both methods conducted by Timmers
in [110] showed that method 1 may give in some cases results that are considerably
on the unsafe side (about 21.4% to 31.6%), while method 2 gave much better results
leading to the conclusion, that method 2 should always be used. This approach will be
used also for the present work and corresponds to example calculations from literature
as e.g. [4], [12] and [99].
2.4.3 DIN 18800-3
2.4.3.1 General design procedure
In contrast to the procedure according to EN 1993-1-5 [36] described in Sec.2.4.2, in
DIN 18800-3 [22] the slenderness λ¯xP and λ¯zP are calculated for each load direction
separately, so that the reduction factors κx, κy and κτ are in a later step determined
based on different slenderness values respectively. The reference strengths are then
calculated according to Eq.(2.31).
σP,R,d = κ ·
fy
γM
; τP,R,d = κτ ·
fy√
3 γM
(2.31)
where: κ; κτ : Reduction factors according to Tab.2.4 and Tab.2.5
fy: Yield strength
γM : Material partial safety factor
Fig.2.27 shows exemplary buckling curves according to DIN 18800-3 [22]. It can
be noticed, how for subpanels an increase of the reduction factor is obtained, as in-
plane membrane restraints are accounted for. This is considered by the factor c, see
Tab.2.4 and Tab.2.5. Another observation is that postcritical strength reserves in case
of shear buckling are only accounted for unstiffened panels, while for stiffened panels
with a slenderness λ¯p > 1.38 the buckling curve approaches the Euler curve. In case
of multiaxially loaded plates the interaction criterion in Eq.(2.32) according to DIN
18800-3 [22] is applied.
( |σx|
σxP,R,d
)e1
+
( |σy|
σyP,R,d
)e2
− V ·
( |σx · σy|
σxP,R,d · σyP,R,d
)
+
(
τ
τP,R,d
)e3
≤ 1 (2.32)
where: e1 = 1 + κ
4
x
e2 = 1 + κ
4
y
e3 = 1 + κx · κy · κ2τ
V = (κx · κy)6, when σx and σy are both compression, else V = σx·σy|σx·σy |
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Table 2.4: Plate-buckling reduction factors for subpanels and panels without longitudinal
stiffeners according to DIN 18800-3 [22].
Loading Slenderness Reduction factor
Longitudinal stresses λ¯p =
√
fy
σcr
κ = c ·
(
1
λ¯p
− 0.22
λ¯2p
)
≤ 1
(subpanel) where c = 1.25− 0.12 · ψT ;
ψT is the stress ratio
of the relevant stiffened panel
Longitudinal stresses λ¯p =
√
fy
σcr
κ = c ·
(
1
λ¯p
− 0.22
λ¯2p
)
≤ 1
(panel without where c = 1.25− 0.25 · ψ ≤ 1.25
longitudinal stiffeners)
Shear stresses λ¯p =
√
fy
τcr·
√
3
κτ =
0.84
λ¯p
≤ 1
Table 2.5: Plate-buckling reduction factors for panels with longitudinal stiffeners according
to DIN 18800-3 [22].
Loading Slenderness Reduction factor
Longitudinal stresses λ¯p =
√
fy
σcr
κ = c ·
(
1
λ¯p
− 0.22
λ¯2p
)
≤ 1
where c = 1.25− 0.25 · ψ;
Shear stresses λ¯p =
√
fy
τcr·
√
3
κτ =
0.84
λ¯p
≤ 1 for λ¯p ≤ 1.38
κτ =
1.16
λ¯2p
≤ 1 for λ¯p > 1.38
43
2. Stability behaviour of flat plates
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 0  0.5  1  1.5  2  2.5  3
Euler curve
ψ = -1
ψ = +1, subpanel
ψ = +1
shear, unstiff.
shear, stiff.
λ¯xP ; λ¯yP ; λ¯τP [-]
κ
x
;
κ
y
;
κ
τ
[-
]
Figure 2.27: Reduction curves according to DIN 18800-3 [22].
Within Eq.(2.32) the exponents ei and the factor V were calibrated with test results
and numerical calculations, see Sec.2.5.4. The positive effect of tensile stresses is not
taken into account by DIN 18800-3 [22] as the slenderness is determined for each loading
separately.
Fig.2.28 shows a comparison of the σx–σz interaction curves according to DIN 18800-
3 [22] and EN 1993-1-5 [36] pointing out the clear differences that are visible for the
biaxial compression domain as well as for tension-compression. It can be seen that the
curves according to DIN 18800-3 [22], which used the single slenderness for determining
the reduction in each direction, have a monotonic falling character, while EN 1993-1-
5 [36] takes into account the stabilising effect of tensile stresses. However, in how far
this effect is correctly reflected by the rules was not yet investigated. Furthermore,
the comparison of the σx–τ interaction curves in Fig.2.29 shows also differences for
compression–shear as well as for tension-shear showing the need for investigations for
the interaction domain.
2.4.3.2 Column-like behaviour
As already mentioned in Sec.2.4.2, plates may possess a pronounced column-like be-
haviour, when certain conditions dominate, where a double curvature of the plate can
not develop. In these cases, according to DIN 18800-3 [22] column-like behaviour is
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Figure 2.28: Comparison of σx–σz interaction curves according to DIN 18800-3 [22]
and EN 1993-1-5 [36].
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taken into account according to Eq.(2.33).
κPK = (1− ρ2) · κ+ ρ2 · κK (2.33)
where: ρ =
Λ−σPi/σKi
Λ−1 ≥ 0 is a weighting factor,
Λ = λ¯2p + 0.5 but 2 ≤ Λ ≤ 4
It can be seen that here the interpolation between plate-like and column-like be-
haviour depends on the slenderness. Therefore, the ratio σPi/σKi ≡ σcr,p/σcr,c where
only plate-like behaviour governs can vary from 2 to 4, while in EN 1993-1-5 [36] this
ratio is fixed to 2. The reduction due to column-like behaviour is considered by the
European Buckling Curve b. In Sec.2.5.7 different approaches for the interpolation are
shown and discussed pointing out in a direct comparison of the interpolation rules of
DIN 18800-3 [22] and EN 1993-1-5 [36] the discrepancies between them even though the
general formulation is identical.
It is worth noticing that the format of the current formulation given in Eq.(2.23) goes
back to the commentary of the supplemental decree on old DIN 4114 [23], see [43]. As
DIN 4114 [23] was originally drafted just for the design of webs and column–like be-
haviour was not yet investigated, the supplementary decree [1] enlarged the scope also
to flanges and added some notes on the consideration of the still missing column–like
behaviour. However, a practical formulation was only presented later in the respective
commentary, where it was assumed that for σcr,c/σcr,p ≤ 0.5 plate buckling is decisive,
while for σcr,c/σcr,p > 0.5 an interpolation with column-like behaviour needs to be con-
sidered, see [43]. The proposal was later adopted in a modified form by the “European
Recommendations” in [39]. It should be noted here that the formulation was based
on experimental investigations conducted on long unstiffened plates subjected to trans-
verse loads, where the loaded edges remained straight in-plane, see [42]. And it should
also be kept in mind that today the formulation is applied for considering the effect of
column-like behaviour on long plates subjected to transverse loads (independently from
the boundary conditions) as well as for stiffened plates, see Fig.2.20.
A comparison to the interpolation according to EN 1993-1-5 [36] shows that DIN
18800-3 [22] uses a more severe formulation for slender plates (λ¯p > 1.22) leading to a
more column-like reduction for these cases. The reason for this is due to an adaption of
the original formulation, which was based on DASt-Richtlinie 012 [17], as DIN 18800-
3 [22] accounted for post-critical strength reserves for high slenderness, see [75]. For
prEN 1993-1-5 [87] and respectively EN 1993-1-5 [36] this adaption has obviously not
taken place. Later, Seitz [101] conducted investigations on long unstiffened plates
subjected to transverse stress with deformable edges and proposed a new interpolation
formula, see Sec.2.5.7.
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2.5 Existing studies
2.5.1 General
During the past years, several investigations have been conducted leading to and dealing
with the buckling rules of EN 1993-1-5 [36] identifying discrepancies between them
and numerical simulations. In the following sections some relevant investigations are
summarised concerning:
• numerical investigations on multiaxially loaded plates on the basis of the finite
difference method (Dowling et al. [29] and Dier & Dowling [20])
• numerical investigations on multiaxially loaded plates on the basis of the finite
element method (Dinkler & Kro¨plin [26])
• development of buckling rules for plates under multiaxial stress states
(Lindner & Habermann [72], [73])
• further evolution of buckling rules for plates under multiaxial stress states
(Scheer & No¨lke [95], [96])
• discussion of different approaches for the design of plates under multiaxial stress
states considering the analogy to shell buckling (Winterstetter [124])
• interpolation between plate–like and column–like behaviour (Seitz [101])
• proposal of a revised design formula for plates subjected to biaxial compression
(Braun [11])
• influence of tension stresses on shear buckling and comparison to current design
rules (Sinur [106])
• proposal of a set of reduction curves for multiaxially loaded plates (Jo¨nsson &
Bondum [53])
2.5.2 Dier and Dowling (1979/1980)
Large numerical studies on the buckling behaviour of long and square plates (α = 1 and
3, b/t = 20 – 120, fy = 245N/mm
2, edges restrained in-plane) under biaxial loading have
been conducted by Dowling et al. [29] and Dier & Dowling [20] using the finite
difference method focusing on biaxial compression as well as on tension-compression.
Fig.2.30 shows numerical results of the investigations, which were later presented by
Dier & Dowling in [21]. The geometric imperfections have three half-waves in longi-
tudinal direction and one half-wave in transverse direction, additionally the amplitude
was varied in order to investigate the influence on the bucking behaviour. From the
interaction curves for long plates the influence of column-like behaviour is clearly no-
ticeable for transverse stresses on the long edge (y-direction), while for longitudinal
stresses on the short edge (x-direction) plate-like buckling prevails.
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a) α = 1 b) α = 3
Figure 2.30: Numerical results by Dier & Dowling [21].
What is very interesting, is the fact that for pure compression in x-direction the
square plate and the long plate give similar capacities, since the long plate with three
half-waves in longitudinal direction behaves similar to a square plate. However, when
looking at the tension-compression domain it may be noticed that for the square plate an
increase of the capacity develops with increasing tension, which then later drops down
again, while for the same range the long plate shows a monotonous decreasing curve.
This behaviour is likely to be caused by changes in the failure modes, which occur on
multiaxially loaded plates with tensile stresses. This effect was later investigated by
Dinkler & Kro¨plin [26], see Sec.2.5.3.
Furthermore, the outcomes from Valsgard [119] have been confirmed, showing that
a proportional loading of the plate is safe-sided as with other load sequences buckling
pattern may develop, which are favourable and can increase the capacity. Hence, a
proportional loading of the edges is adopted in the further investigations within this
work.
2.5.3 Dinkler and Kro¨plin (1984)
Dinkler & Kro¨plin [26] conducted numerical investigations on square plates loaded
with biaxial compression and tension-compression for b/t-ratios of 55 and 110 using a
yield strength of fy = 240N/mm
2 and an initial geometrical imperfection of w0 = b/250.
The edge boundary conditions were restrained in-plane.
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Figure 2.31: Numerical results from Dinkler & Kro¨plin [26], taken from [11].
The results show for the tension-compression domain the effect of the imperfection
shape on the resistance. While for the case of biaxial compression for square plates the
one-wave mode is always decisive, this changes when tensile forces are applied, leading to
the conclusion that different imperfection shapes need to be considered when conducting
investigations on multiaxially loaded plates with tensile stresses.
2.5.4 Lindner and Habermann (1988)
In [72] Lindner & Habermann describe the at that time new design procedure ac-
cording to the draft code E DIN 18800-3 [31] for the multiaxial stress state with regard
to plate buckling. The concept, which renounces for the instrument of the equivalent
critical stress, was already presented by them in [71] and is shown in Sec.2.4.3 of this
work. Compared to E DIN 18800-3 [31] the presented interaction formula in [72], which
corresponds to DIN 18800-3 [22], was calibrated by a V-factor and modified exponents
ei for the different terms within the equation from comparisons with test results and
numerical calculations.
Furthermore, Lindner & Habermann [72] give diagrams, which may be used for
a simplified calculation for unstiffened long plates, helping the engineers in practice in
design. However, due to errors these diagrams have been corrected and represented by
them in [73]. In Fig.2.32 the interaction diagrams for compression-shear and bending-
shear (ψ = −0.5) are shown exemplarily. The curves within the diagrams represent
so–called “limit (b/t)”-ratios.
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a) b)
Figure 2.32: Interaction curves for St 52 (≡ S355) for a) ψ = 1 and b) ψ = −0.5 according
to Lindner & Habermann [73].
2.5.5 Scheer and No¨lke (2001)
Scheer & No¨lke [95], [96] present a new design procedure based on a generalisation
of the equivalent stress according to the von Mises criterion, which was later adopted in
EN 1993-1-5 [36]. The procedure makes use of an unique plate slenderness and has been
described in detail in Sec.2.4.2. The procedure theoretically allows accounting for the
stabilising effect of tensile stresses, which is of great importance according to Scheer
& No¨lke [96] and a disadvantage of the earlier proceedings, which led to deficits e.g.
for large girders, such as the over 10m high beams used in shipyard cranes subjected
in wide areas to shear and stabilising longitudinal tension stresses. The reliability is
checked for some cases by a comparison to numerical results. However, later research
by Winterstetter [124] pointed out, that in certain cases the procedure gives unsafe
and unplausible results leading to subsequent modifications as shown in the following
sections.
2.5.6 Winterstetter (2002)
In [124] Winterstetter discussed different approaches for accessing the resistance of
slender plates subjected to multiaxial loadings showing also the analogy between plate
and shell buckling. According to [124], the two approaches generally can be subdivided
into:
• combining the respective load carrying capacity predictions for the combined fun-
damental load cases or
• calculating combined loading bifurcation loads and applying reduction factors de-
rived directly from them (“direct” approach).
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Figure 2.33: Interaction curves calculated by the “direct” approach and by the combination
of the fundamental load cases compared to numerical simulations according to
Winterstetter [124].
Furthermore Winterstetter notes that a consistent format for all buckling cases
(plates as well as shells) would be mechanically correct and desirable. It is also pointed
out, that in case of biaxial compression the slenderness is increased making pronounced
use of post-buckling strength reserves, which is doubted for real cases. Several ap-
proaches are presented for taking into account the different sensitivity to imperfections
of the individual buckling cases. It is mentioned that an advantage of the “direct”
approach is that the positive effect of tension stresses can also be taken into account.
However, it is also noted on the other side, that the interaction curves are somehow
not plausible. Furthermore, numerical calculations are qualitatively compared to both
approaches leading to the conclusions that the “direct” approach may lead to unsafe
results, see Fig.2.33. This case has been later picked up by Braun [11] and is discussed
in Sec.2.5.8 of this work.
2.5.7 Seitz (2005)
For the case of long plates loaded with compression on the long edges Seitz [101]
investigated the interpolation between plate-like and column-like buckling, as a direct
comparison of the interpolation rules of DIN 18800-3 [22] and prEN 1993-1-5 [87] (same
rules for interpolation as EN 1993-1-5 [36]) showed some discrepancies in the results,
even though the general formulation is identical, see Sec.2.4.3.2.
Therefore, in order to analyse the buckling behaviour of plates subjected to trans-
verse stresses prone to column-like behaviour Seitz [101] conducted a large parametric
study on long plates with the loaded edges free to move in-plane proposing a modified
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interpolation criterion for the evaluation of the buckling behaviour, where Eq.(2.23) can
be rewritten as Eq.(2.34) with f = ξ(2− ξ).
ρc = χc + (ρ− χc) · f (2.34)
Herein, f is an interpolation factor which has been calibrated with numerical simu-
lations and a function of the slenderness and of the ratio σcr,p/σcr,c using the following
approach in Eq.(2.35).
f = A · ln
(
σcr,p
σcr,c
)B
(2.35)
The evaluation of the numerical results using the least-squares-method for the case
of compression of both long edges of a plate led to the formulation for the interpolation
between column-like and plate-like buckling shown in Eq.(2.36).
f = 0.95 · λ¯−0.45p · ln
(
σcr,p
σcr,c
)−0.15·λ¯2p+0.75·λ¯p−0.025
≤ 1.0 (2.36)
For a better application of the calibrated formulation, the simplified expression shown
in Eq.(2.37) has been proposed.
f = λ¯−0.5p · ln
(
σcr,p
σcr,c
)0.9
≤ 1.0 (2.37)
Fig.2.34 shows the different interpolations according to DIN 18800-3 [22] (λ¯p ≥ 1.87),
EN 1993-1-5 [36], which also corresponds to DIN 18800-3 [22] for λ¯p ≤ 1.22 and the
proposed simplified modification by Seitz [101]. The curve from Seitz [101] gives
generally smaller interpolation factors f leading to more column-like behaviour when
determing the resistance.
2.5.8 Braun (2010)
According to EN 1993-1-5 [36] it is now possible to deal with multiaxially loaded plates
considering a unique slenderness value based already on the level of critical load on the
complete stress field. However, it has been shown by Braun [11] that in some cases
interaction curves may result, where it is questionable if they make physically sense.
Therefore the requirement I is not fulfilled, see Sec.2.4.1.
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Figure 2.34: Approaches for the interpolation between column–like and plate–like behaviour.
The interaction curves according to EN 1993-1-5 [36], especially for long plates, show
a pronounced bend for uniaxial compression σz and an increasing resistance in the
biaxial compression domain, which is clearly above the resistance according to DIN
18800-3 [22]. Also in the tension–compression domain it can be seen that the curve is
above both DIN 18800-3 [22] and DnV RP-C201 [27], which is applied for shipbuilding
and offshore engineering, see Fig.2.35.
Furthermore, Braun [11] identified cases where the current design approach gives
results, which are on the unsafe side when comparing them to numerical simulations. For
these reasons a modification of the design formula for biaxial compression was proposed
by an additional “V-factor” (see Eq.(2.38)), which accounts for existing uncertainities
to meet also the requirement G mentioned in Sec.2.4.1. However, the investigations
focused only on the case of biaxial compression and Braun [11] remarked, that for
the case of biaxial tension–compression in EN 1993-1-5 [36] it is theoretically possible
to account for the stabilising effect of tensile stresses, but also that there is almost no
experimental research on that to justify it.
(
σx
ρx · fy
)2
+
(
σz
ρz · fy
)2
− V ·
(
σx
ρx · fy
)
·
(
σz
ρz · fy
)
≤ 1 (2.38)
where: V = ρx · ρz, if σx and σz are both compression, else V = 1
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Figure 2.35: Comparison of different code rules, α = a/b = 3 for biaxial compression [11].
2.5.9 Sinur (2011)
Sinur [106] conducted some numerical investigations on square plates subjected to
compression-shear and tension-shear interaction, comparing them to the design ap-
proaches given in EN 1993-1-5 [36] and considering the effective width method (EWM)
as well as the reduced stress method (RSM), see Fig.2.36. While for the compression-
shear interaction both methods give quite similar results, Sinur [106] highlighted the
fact that the effective width method is not capable to include the positive effect of ten-
sile stresses on the shear resistance. However, even though the reduced stress method
is able to consider this effect some inconsistencies were found. Since the main focus
of Sinur [106] was on the bending moment-shear interaction of longitudinally stiffened
steel girders according to the effective width method, the investigations on steel panels
subjected to compression-shear and tension-shear were only meant as a small accom-
panying study to point on the buckling behaviour and the limits of the effective width
method, which does not account for the positive effect of tensile stresses.
Since these uncertainties have been found in case of tension-shear interaction, further
investigations are required to validate and if necessary to enhance the code rules.
2.5.10 Jo¨nsson and Bondum (2012)
Numerical investigations conducted by Jo¨nsson & Bondum [53] concerned on the
buckling behaviour of plates subjected to biaxial compression as well as on tension–
compression and propose a new set of curves, see Fig.2.37, which depend from the
b/t-ratio and the ratio of the applied loads leading to a reduction of the von-Mises
criterion as σvm ≤ ρb · fy.
The format of the resulting verification is similar to the reduced stress method but
with a “global” reduction factor, which is applied to the applicable yield stress. However,
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Figure 2.36: Comparison of numerical simulations (NUM) to the reduced stress method
(RSM) and the effective width method (EWM) [106].
the calculation of the reduction factor is done without the use of a global slenderness
value as usually done in EN 1993-1-5 [36], but uses instead only the b/t-ratio of the
regarded plate. Consequently, the approach, which is very interesting from a clear
scientific point of view, does not really harmonise with the current design rules and
would therefore result in an additional design approach. This is not in compliance with
current tendencies to harmonise the code rules and to reduce the number of alternatives
rather than creating new ones.
The investigations give an interesting insight in the buckling behaviour of slender
plates and raise the question on the application of imperfections for multiaxially loaded
plates. While Braun [11] used imperfection shapes with a maximum of three half-waves
according to findings from Dow [29], Jo¨nsson & Bondum [53] considered imperfec-
tion shapes with up to ten half-waves. It is correctly argued that this approach leads
to conservative results, but findings from Fischer [41] found out that in practice usu-
ally one-wave imperfections prevail and even the three half-wave imperfection is rarely
observed for long plates with α = a/b >
√
2.
2.6 Summary
The foregoing sections of this chapter give an overview on the buckling phenomena
for slender plates on the level of elastic critical stress as well as on the ultimate load
according to the selected code rules EN 1993-1-5 [36] and DIN 18800-3 [22]. Furthermore,
the outcomes of relevant existing studies are summarised.
In a first step the elastic buckling of flat plates and the effect of multiaxial stress states
are described. The buckling coefficient for unstiffened panels is given as a function of
the panel aspect ratio and the stress state resulting in significantly elevated values if
tensile stresses are acting. However, the evaluation of the buckling coefficient shows
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a) Selected interaction angles b) Buckling reduction curves
Figure 2.37: Interaction angles and corresponding buckling reduction curves (α = 4) [53].
pronounced peaks for certain cases, where it is questionable if they should be taken into
account for the design. Therefore, a formulation is presented ignoring these peaks. For
the assessment of the buckling coefficient in case of stiffened plates several possibilities
are explained. The complexity in the determination of the buckling coefficient, which
involves a variety of parameters, leads to the conclusion that nowadays numerical tech-
niques are the most appropriate approaches. Especially if numerical parametric studies
have to be conducted, the numerical determination of the buckling coefficient is the most
suited procedure, as it allows for assessing the values for a wide parametric range, while
a graphical determination is limited and very labour intensive. The analytical solutions
are limited to uniaxial loading.
As this work focuses on the reduced stress method, which was mainly developed in
Germany, an overview on the evolution of the German buckling rules is given. The
current rules according to EN 1993-1-5 [36] are explained in detail with a particular
look on multiaxially loaded plates showing the impact of the stress state on the plate
slenderness and therefore on the interaction curves. The interaction curves according to
EN 1993-1-5 [36] allow a systematic utilisation of the favourable effect of tensile stresses
on the buckling behaviour, especially compared to the rules according to DIN 18800-
3 [22]. However, studies to justify this beneficial effect are missing. Therefore, in the
following chapters experimental and numerical investigations are conducted to give an
insight in the buckling behaviour of multiaxially loaded plates.
The analyses of relevant investigations from the past years shows the attempts to take
into account the benefits from tensile stresses on the buckling behaviour. However, the
existing investigations are limited to certain cases and in parts do not consider mode-
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transitions due to multiaxial stress states. Recent investigations on plates subjected
to biaxial compression revealed cases, where the current design approach gives results,
which are on the unsafe side when comparing them to numerical simulations and led
to a modifications of current rules. Other investigations on plates subjected to shear
and tension also found cases where the current formulation may give unsafe results, so
that further analyses are needed to clear this issue. Furthermore, recent investigations
focused on the formulation of the interpolation of plate-like and column-like behaviour
in case of transverse stress, which is adopted and compared in the following studies.
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3 Experimental investigations
3.1 General
Experimental investigations on slender plates subjected to multiaxial stress states have
been conducted in the frame of several research projects and are presented in the fol-
lowing. The investigations are therefore subdivided in investigations on unstiffened
plates subjected to the multiaxial loading case tension–compression in Sec.3.2 and in
investigations on stiffened girders subjected to bending–shear interaction in Sec.3.3.
3.2 Tests on multiaxially loaded plates
3.2.1 Overview
Experimental investigations on unstiffened plates subjected to multiaxial stress states
have been conducted in order to study the effect of tensile stresses on the buckling
behaviour. Existing experimental investigations known to the author dealt only with
uni-axial loading and biaxial compression. The experimental studies were supported by
a grant from the “Deutscher Ausschuß fu¨r Stahlbau – DASt” (German Committee for
Steel Structures) in the frame of the “Arbeitsgemeinschaft Industrieller Forschungsver-
einigungen Otto von Guericke e.V.” (AiF), which is financed by funds of the Federal
Ministry for Economic Affairs and Energy (BMWi) as well as experimental studies
supported by the European Research Fund for Coal and Steel (RFCS). In the frame of
this work the results of the investigations from the German project are included, since
the European research project focuses on the use of high strength steel, which is not
further investigated here.
This chapter aims at showing the main outcomes of the experimental studies in a
compact way. For further information reference is made to the reports of the projects
“Beulen mehrachsig beanspruchter Platten” (DASt–AiF, engl.: “Buckling of plates un-
der multiaxial loading”) [68] and “Optimal use of High Strength Steel grades within
bridges”(RFCS) [69].
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Figure 3.1: Schematic layout of the multiaxially loaded plates.
Table 3.1: Dimensions and stress-ratio of the tested steel panels.
Test a (mm) b (mm) t (mm) b/t β = σz/σx
C1 900 900 6 150 0
C2 900 900 6 150 −0.5
C3 900 900 6 150 −1
D1 1500 1500 6 250 0
D2 1500 1500 6 250 −0.5
D3 1500 1500 6 250 −1
3.2.2 Test specimens
3.2.2.1 Dimensions and test parameters
For the experimental investigations simple isolated steel panels are regarded, which are
loaded by tension (σz) in horizontal and compression (σx) in vertical direction. The
general test specimen layout is shown in Fig.3.1. The dimensions and the stress-ratios
β = σz/σx are summarised in Tab.3.1. In order to investigate different b/t-ratios the
plate dimensions a and b have been varied keeping the plate thickness t = 6mm constant,
so that the same hinged bearing could be used for all tests, see Sec.3.2.3.
3.2.2.2 Material properties
Uniaxial tensile coupon tests according to EN 10025-2 [32] have been conducted in order
to determine the mechanical steel properties. The tests were done on each of the three
specimens taken in longitudinal and transverse direction. The mean values of the results
in both directions of the tensile coupon tests are summarised in Tab.3.2.
60
3.2 Tests on multiaxially loaded plates
Table 3.2: Results of tensile coupon tests.
tests yield strength ultimate strength elastic modulus
fy [N/mm
2] fu [N/mm
2] E [N/mm2]
C1-C3, D1-D3 287 414 200 458
Figure 3.2: Placement of cameras for photogrammetric measurements.
3.2.2.3 Geometric imperfections
The initial geometric imperfections of the tested plates have been measured by the
Institute for Photogrammetry of the University of Stuttgart using the photogrammetric
method. To obtain the data, four industrial cameras (µEye 2280SE-M, 8mm lenses)
were placed in front of the area of interest, see Fig.3.2. A scale-bar was included in the
scene to determine scaling. One axis of the reference plane had to be aligned to the
zenith axis in space. For this purpose a plumb-line was installed and measured in the
images.
The general procedure and functionality of the photogrammetric method is described
briefly in the following. For a better overview the approach is shown using only two
cameras. However, the measurements in the frame of this work have been conducted
with four cameras in order to increase the accuracy that results from the redundancy in
the determination of the 3D coordinates from several pictures.
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Figure 3.3: General procedure for photogrammetric methods [15].
The principle of the photogrammetric method is based on the so-called spatial in-
tersection, which is also used for field measurements in applied geodesy. Fig.3.3 shows
a configuration with two cameras, where a 3D point in space with the coordinates
P (X,Y,Z) is projected to the image planes of the cameras through the objective lenses
resulting in the homologue 2D points P ′(x′,y′) for camera 1 and P ′′(x′′,y′′) for camera
2 respectively.
The relationship of the points can be expressed by so-called collinearity equations,
which are the essential equations for the photogrammetric method. These equations
represent the mathematical implementation of the central projection. The collinearity
equations shown in Eq.(3.1a) and Eq.(3.1b) describe the relationship of the object to
the projected image for camera 1. The relationship of the object to the projected image
for camera 2 is analogically given in Eq.(3.2a) and Eq.(3.2b).
x′ = x′0 − c ·
r11 · (X −X01) + r12 · (Y − Y01) + r13 · (Z − Z01)
r31 · (X −X01) + r32 · (Y − Y01) + r33 · (Z − Z01) (3.1a)
y′ = y′0 − c ·
r21 · (X −X01) + r22 · (Y − Y01) + r23 · (Z − Z01)
r31 · (X −X01) + r32 · (Y − Y01) + r33 · (Z − Z01) (3.1b)
x′′ = x′′0 − c ·
r11 · (X −X02) + r12 · (Y − Y02) + r13 · (Z − Z02)
r31 · (X −X02) + r32 · (Y − Y02) + r33 · (Z − Z02) (3.2a)
y′′ = y′′0 − c ·
r21 · (X −X02) + r22 · (Y − Y02) + r23 · (Z − Z02)
r31 · (X −X02) + r32 · (Y − Y02) + r33 · (Z − Z02) (3.2b)
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where: c: constant of the camera (≈ focal length of the objective)
r: matrix for defining the line of vision of the camera
(X0, Y0, Z0)
T : vector for defining the point of origin
By transformation of the equations, the relationship of the projected image to the
object can be gained. The parameter b is furthermore introduced for simplifying the
equations leading to the expressions given in Eq.(3.3a) and Eq.(3.3b) for camera 1. The
analogous procedure is applied also for the second camera leading to to the expressions
given in Eq.(3.4a) and Eq.(3.4b).
X = X01 + (Z − Z01) · r11 · (x
′ − x′0) + r12 · (y′ − y′0) + r13 · c
r31 · (x′ − x′0) + r32 · (y′ − y′0) + r33 · c
= X01 + (Z − Z01) · bx′
(3.3a)
Y = Y01 + (Z − Z01) · r21 · (x
′ − x′0) + r22 · (y′ − y′0) + r23 · c
r31 · (x′ − x′0) + r32 · (y′ − y′0) + r33 · c
= Y01 + (Z − Z01) · by′
(3.3b)
X = X02 + (Z − Z02) · r11 · (x
′′ − x′′0) + r12 · (y′′ − y′′0) + r13 · c
r31 · (x′′ − x′′0) + r32 · (y′′ − y′′0) + r33 · c
= X02 + (Z − Z02) · bx′′
(3.4a)
Y = Y02 + (Z − Z02) · r21 · (x
′′ − x′′0) + r22 · (y′′ − y′′0) + r23 · c
r31 · (x′′ − x′′0) + r32 · (y′′ − y′′0) + r33 · c
= Y02 + (Z − Z02) · by′′
(3.4b)
Using Eq.(3.3a) and Eq.(3.4a) the coordinate Z can be calculated according to
Eq.(3.5).
Z =
X02 − Z02 · bx′′ + Z01 · bx′ −X01
bx′ − bx′′ (3.5)
From Eq.(3.3a) and Eq.(3.4a) furthermore the coordinate X can be calcuated by
Eq.(3.6a) and Eq.(3.6b) leading to the identical values.
X = X01 + (Z − Z01) · bx′ (3.6a)
X = X02 + (Z − Z02) · bx′′ (3.6b)
Eq.(3.3b) and Eq.(3.4b) can be used for determining the coordinate Y with Eq.(3.7a)
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Table 3.3: Comparison of measured geometric imperfections and tolerances
according to EN 1090-2 [33].
geometric imperfection C1 C2 C3 D1 D2 D3
measured b/900 b/281 b/225 b/268 b/333 b/242
measured/allowable 11 % 36 % 44 % 37 % 30 % 41 %
or as a control with Eq.(3.7b).
Y = Y01 + (Z − Z01) · by′ (3.7a)
Y = Y02 + (Z − Z02) · by′′ (3.7b)
Additionally the arithmetic average can be calculated according to Eq.(3.8).
Y =
1
2
[
Y01 + Y02 + (Z − Z01) · by′ + (Z − Z02) · by′′
]
(3.8)
Using the described procedure of the photogrammertic method with four cameras
a standard deviation of the internal errors of approximately 0.1mm is achieved. For
further information on the photogrammetric method reference is made to [60] and [76].
The measured initial imperfections are shown in Fig.3.4 to Fig.3.9 with reference to
a x/y-plane, which is defined by the lower left and right point as well as the direction
of the plumb-line. All imperfection shapes posses a one half-wave mode, except for
test C1, where almost no initial imperfection is observed. For the other test specimens
the imperfection amplitudes vary from 3.2mm to 6.2mm being all in accordance to the
allowable tolerances according to EN 1090-2 [33] (b/100), see Tab.3.3.
3.2.3 Test setup
The test setup of the experiments is presented in Fig.3.10. As shown schematically in
Fig.3.1, the tensile loads are applied in horizontal direction. The load introduction is
carried out by special load introduction devices, which are attached to the test specimen
with pre-stressed bolt connections and visible at the right side of Fig.3.10. The load
introduction device is then connected with two pin connections to the hydraulic jacks,
which lay horizontally in an anchored support.
The compression force is applied on the top of the test specimens by a hydraulic
jack connected to a portal frame and distributed by a stiff girder, which is retained
by the lateral support construction in order to prevent rotation. The lateral support
construction consists of two C-sections on each side that are connected on top to each
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Figure 3.4: Initial imperfections - C1.
0 200 400 600 800
0
200
400
600
800
 
x
min
z
    = −1.7 mm,  max
z
    = 3.2 mm
 
y
−1
0
1
2
3
Figure 3.5: Initial imperfections - C2.
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Figure 3.6: Initial imperfections - C3.
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Figure 3.7: Initial imperfections - D1.
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Figure 3.8: Initial imperfections - D2.
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Figure 3.9: Initial imperfections - D3.
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Figure 3.10: Test setup for multiaxially loaded plates.
other and are stabilised additionally with bars to the portal frame both on top and
also in the middle. Chamfered plates are connected to the C-sections on both sides
to give a linear support and hinges are provided on the bottom and top side of the
plate to guarantee pinned boundary conditions, see Fig.3.11 a). On several points linear
variable displacement transducers (LVDT) and triaxial rosette strain gauges are placed
to measure deformations and strains, see Fig.3.11 b). The locations of the linear variable
displacement transducers are shown basically in Fig.3.12. Additionally to the machine
way of the hydraulic jack, the movements on top of the stiff girder are measured in
order to receive the clean deformation without the distortion of the portal frame. The
deformation on the bottom is also measured in case of possible settling of the base.
Forces, displacements and strains are recorded during the whole test procedure. Ad-
ditionally at certain load increments of 50 kN the test is stopped and the out-of-plane
deformations are measured with photogrammetric methods as also used for the initial
geometric imperfections, see Sec.3.2.2.3.
3.2.4 Test procedure
The test specimens are preloaded with approximately 15 % of the estimated ultimate
load before the beginning of the “real” loading phase. The loading is applied load-
controlled until the ultimate resistance is reached and displacement-controlled after-
wards. The used displacement-rate is chosen to 0.005mm/sec in order to have static
loading conditions. Every 50 kN the loading is stopped and the out-of-plane deforma-
tions are measured. After reaching the ultimate load the displacement rate is raised to
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(a) (b)
Figure 3.11: Test setup – a) Hinges to allow for edge rotation b) Placement of a linear variable
displacement transducer (LVDT).
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Figure 3.12: Location of linear variable displacement transducers (LVDT).
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0.01mm/sec and the out-of-plane measurements took place every 0.5 – 1.0mm.
As it was technically not possible to couple the hydraulic jacks to each other in order
to apply the tensile force while introducing the compression force, the procedure was
chosen as follows: first the tension increment was applied and secondly the respective
compression increment. This allowed for an almost proportional load application with
a constant σz/σx–ratio.
3.2.5 Test results
The out-of-plane deformations of the plates at ultimate load are presented in Fig.3.13
– Fig.3.18 together with the respective load-displacement curves. The continuous curve
denotes the compression force, while the dashed curve is the simultaneously applied
tensile force. It is obvious how for the uni-axially loaded plates a one half-wave failure
mode develops and the multiaxially loaded plates failure modes are observed with two
and three half-waves. Especially for the test series “D” the effect is clearly visible, where
at uni-axial loading (D1) one half-wave develops, with β = −0.5 (D2) two half-waves
and with β = −1 (D3) three half-waves, so that the influence of the tensile forces for
the failure mode is evident and mode transitions can be depicted clearly.
The influence of the tension stresses on the buckling behaviour can be seen not only
on the failure mode but also on the load-displacement curves. For test series “C” though
the ultimate compression load is similar with and without tensile forces, a much more
unfavourable behaviour with a sharp drop is observed without tension (C1), while for
the other tests (C2 and C3) of the series the curve is smoother with increasing tension
and more gentle characteristic is obtained. The comparatively high capacity of C1 can
also be explained by the very small geometric imperfection in this test. The curves of
the compression force from test series “C” are summarised and compared in Fig.3.19 a).
In case of test series “D” a distinct increase of the ultimate load is observed, when
tensile stresses act at the same time. The curves are summarised in Fig.3.19 b) and
highlight this effect. Furthermore especially the curve of test D3 shows a noticable bend
at approximately 700 kN where the mode transition from one half-wave to the three
half-wave shape occurred.
3.2.6 Summary
Six tests on isolated steel plates have been conducted and presented giving an insight into
the buckling behaviour of multiaxially loaded panels. While for the uni-axially loaded
reference tests one half-wave failure modes were observed, mode transitions occurred
when additional tensile stresses were applied in transverse direction. This fits well with
the behaviour for linear elastic buckling analyses (LBA), where tensile stresses also lead
to multi-wave buckling shapes, see Sec.2.2.2.
In Fig.3.20 the test results are related to the yield strength by means of a Load
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Figure 3.13: Panel C1: (a) Out-of-plane measurements, (b) Load-displacement diagram.
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Figure 3.14: Panel C2: (a) Out-of-plane measurements, (b) Load-displacement diagram.
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Figure 3.15: Panel C3: (a) Out-of-plane measurements, (b) Load-displacement diagram.
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Figure 3.16: Panel D1: (a) Out-of-plane measurements, (b) Load-displacement diagram.
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Figure 3.17: Panel D2: (a) Out-of-plane measurements, (b) Load-displacement diagram.
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Figure 3.18: Panel D3: (a) Out-of-plane measurements, (b) Load-displacement diagram.
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Figure 3.19: Compression load-displacement curves (a) C1–C3 (b) D1–D3.
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Figure 3.20: Comparison of tests and design according to EN 1993-1-5 [36] using the Winter-
curve and the buckling curve according to Fig.4.22 for restrained edges.
Proportionality Factor (LPF = σv/fy) and compared to the resistance according to the
current rules of Chapter 10, EN 1993-1-5 [36]. In addition to the determination of the
resistance using the Winter curve, anticipating the numerical investigations conducted
in Sec.4, also a further buckling curve is adopted here, which is gained with a simplified
numerical model using boundary conditions where the edges remain straight in-plane,
see Sec.4.6.4.2, since this model represents the test situation in a more suitable way as
the Winter-curve assumes the unloaded edges to move free in-plane.
It can be seen that the current rules match quite well to the test results, especially
when using the buckling curve which considers straight edge boundary conditions, so
that at this point it seems reasonable to take into account tensile stresses in the design
of multiaxially loaded plates. However, the test basis is very limited, so that further
numerical investigations are conducted in order to consider a wider parametric range.
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3.3 Tests on longitudinally stiffened plates
3.3.1 Overview
In the frame of a research project on the load bearing behaviour of longitudinally stiff-
ened steel plates, within the field of bending-shear interaction, tests were conducted on
six welded girders, see [64], [63], [108], [128]. The tests served for the validation of a
numerical model in order to conduct a wide parametric study leading to an enhancement
of the M-V interaction formula given in EN 1993-1-5 [36] for the design according to the
effective width method. However, the tests are presented here to show the influence of
multiaxial stress states on the buckling behaviour of slender plates, especially since the
girders are highly subjected to bending-shear interaction.
The main outcomes of the experimental investigations are presented in this section in
a short and compact way. For further details and information reference is made to [64].
3.3.2 Test specimens
3.3.2.1 Dimensions
To avoid size effects, the girders have been realised in dimensions which are also used in
practical situations such as for bridge constructions. The tests focused specifically on
the field of interaction between bending moment and shear. The general shape of the
girder and the stiffener section are shown in Fig.3.21.
The main dimensions of the cross-section, which remained the same for all tested
girders, are shown in Tab.3.4, while the varied parameters are given in Tab.3.5. All
tested girders were stiffened longitudinally with a closed trapezoidal stiffener and the
global height-to-length ratio of the stiffened panel is α = 1.0 for all of them, see Fig.3.22
exemplarily for girder A1.
Table 3.4: Main dimensions of the tested girders.
hw (mm) a (mm) bf (mm) Hst (mm)
1500 1500 300 200
In Sec.A of the Annex the dimensions of all tested girders are gathered. Due to the
limited maximum load of the hydraulic jack being 2000 kN, the test setup was realised
as a cantilever system with an unsymmetric girder, which can be seen from the figures
in the Annex A.
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Figure 3.21: Cross-section of the tested girders.
Table 3.5: Varied parameters of the tested girders.
Girder tf (mm) tw (mm) hst (mm) bst (mm) tst (mm) hwi (mm)
A1 25 8 120 100 6 750
B1 25 6 100 84 4 750
A2 20 8 100 100 5 375
B2 20 6 85 80 4 375
A3 20 6 110 63 4 375
B3 20 6 110 70 3 375
The transversal stiffeners were 20mm thick plates on both sides of the web where the
load was applied and also at the support points. All other transversal stiffeners were
one-sided and 15mm thick. The girder was dimensioned in a way that the decisive panel
was the one next to the vertical mid support at the cantilever.
3.3.2.2 Material properties
For the longitudinal stiffeners of the same thickness the plates were taken from the same
melt. The same was done also for the flanges. For the web it was not possible to use
steel from the same melt, due to their sizes, so for the 6mm webs the material was
used from two different melts. For all different plates tensile coupon tests were taken to
determine the material properties.
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The results from the tensile coupon tests are summarised in Tab.3.6. The material
for the transverse stiffeners was not tested and for numerical simulations it was assumed
as bilinear with a nominal yield strength of 355N/mm2.
Table 3.6: Results of tensile coupon tests.
Cross-sectional Girder Yield strength Ultimate strength Elastic modulus
element fy [N/mm
2] fu [N/mm
2] E [N/mm2]
Flange A1, B1 328 488 196 542
A2, A3, B2, B3 332 499 198 537
Web A1 255 361 195 771
A2 249 362 196 324
A3, B1 275 364 198 000
B2, B3 308 395 197 749
Long. stiffener A1 276 396 186 514
A2 233 352 197 447
A3, B1, B2 288 393 199 340
B3 246 360 197 052
3.3.2.3 Geometric imperfections
The initial imperfections of the tested panels were measured using photogrammetric
method. The measured shapes and amplitudes are plotted in Fig.3.23 to Fig.3.28. The
shapes of the web panels stiffened with a longitudinal stiffener at the mid web depth
are shown in Fig.3.23 (girder A1) and Fig.3.24 (girder B1). The web plate is deformed
in two waves orientated in the same direction. Along the edges and the longitudinal
stiffener the web plate is almost straight. The amplitudes are higher in case of the
slender web plate. The amplitudes of the stiffener and the subpanel imperfections are
always smaller than the allowable tolerances according to EN 1090 - 2 [33], where the
maximum amplitude for the subpanel imperfection is limited to hwi/100 and for the
longitudinal stiffener to a/400, where hwi denotes the subpanel height and a is the
panel length.
The imperfection shapes of the panels stiffened with a longitudinal stiffener in the
compression zone are shown in Fig.3.25 to Fig.3.28. The initial shape is defined with one
wave in the larger subpanel. In the smaller subpanel a significant imperfection might be
found only for girders A2 and B3. As in the previous cases A1 and B1 the amplitudes
of the slender web plates with tw = 6mm are much higher than those with tw = 8mm.
The geometric imperfections result from the cooling phase after the girder is assembled
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by welding. In case of stocky plates the plates are stiffer. Consequently, higher residual
stresses might be obtained for stocky plates than for slender plates where the residual
stresses are released with the transformation of the initial geometry of the plates.
Furthermore, residual stresses, which are mainly caused by the welding process, might
have an influence on the behaviour and the resistance of plated girders. However, for
quite similar studies Sinur [106] showed that for the regarded cases the influence of
residual stresses in slender plate girders is rather small and can therefore be neglected
in the numerical model.
3.3.3 Test setup
The girder tests were performed using the setup shown in Fig.3.29. The setup consisted
of two large portal frames, a supporting structure and lateral supports. One of the
portal frames included the hydraulic jack, with a capacity of 2000 kN. The stamp of the
hydraulic jack received a calotte in order to apply the load always in vertical direction
and without any restraining forces. The second portal frame was necessary, because it
was intended to have a cantilever situation. The lifting force was then carried by the
second portal frame. The large force coming from the middle support required a special
support construction, which also allowed certain flexibility in the position of the support
point being in fact different for each test girder.
Below the load application point of the girder and at each vertical support lateral
brackets were provided in order to avoid lateral torsional failure mode. Teflon layers
were used to reduce friction forces. The buckling support below the load application
point is exemplarily shown in Fig.3.30.
Vertical transducers were applied at the bottom side of the lower flange at both ends
of the girder (W1 and W7) as well as at the end of the tested panel (W2). At the
middle support the transducer was applied on the support (W6). These transducers
allowed the calculation of the deflection of the girders excluding the deformation of the
portal frames and middle support. Due to some deformations of the portal frames and
of the middle support the measured vertical deformations had been corrected according
to Eq.(3.9) in order to receive the real vertical displacement wcorr1 :
wcorr1 = w
meas
1 −
(
w6 + w7
l2
)
· (l1 + l2) + w7 (3.9)
where the variables are defined according to Fig.3.31 using for l1 and l2 the values
given in Tab.3.7.
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Figure 3.23: Initial imperfections - A1.
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Figure 3.24: Initial imperfections - B1.
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Figure 3.25: Initial imperfections - A2.
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Figure 3.26: Initial imperfections - B2.
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Figure 3.27: Initial imperfections - A3.
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Figure 3.28: Initial imperfections - B3.
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Figure 3.29: Test setup.
Figure 3.30: Buckling supports.
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Figure 3.31: Correction of the measured vertical displacements.
Table 3.7: Global dimensions of the tested girders for the calculation of the corrected vertical
deformations.
Girder l1 (mm) l2 (mm)
A1 2975 3700
A2 3510 3610
A3 5133 2605
B1 4315 3205
B2 5203 3205
B3 5100 2605
3.3.4 Test procedure
Before loading the girders to reach the maximum loads, the initial imperfections have
been measured and a test load of approximately 15% of the expected maximum load was
applied. After the test load was removed the initial imperfection was measured again.
The load was applied displacement controlled with a constant velocity of 0.5mm/sec.
In specific intervals the loading was stopped for measuring the horizontal deforma-
tions. The intervals for the photogrammetric method were shorter, since the measure-
ment took much less time than the measuring fork, which was used in longer intervals
and served to confirm the results gained by the photogrammetric method.
3.3.5 Test results
In the following the out-of-plane measurements as well as the load-displacement curves
are shown for all tested girders. The load-displacement diagrams include also the cor-
rected values of wmeas1 and w
meas
2 - the measured values - according to Eq.(3.9), which
consider the frame deformations of the test setup. These corrected values are nominated
as wcorr1 and w
corr
2 respectively.
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For girders A1 and A2, both with hw/tw = 187.5, the deformations clearly indicates
the development of local tension fields, see Fig.3.32(a) and Fig.3.33(a). Also B1 showed
local buckling, especially for the lower panel which was in the compression zone where the
main failure for this girder occurred and the flange buckled into the web, see Fig.3.35(a).
Although the γ/γ∗-ratio was smaller than for the other girders, no buckling failure of
the longitudinal stiffeners of girders A1 and B1 happened.
Girder A2 and B2 also showed local buckling of the panels, see Fig.3.33(a) and
Fig.3.36(a). While for girder A2 the tension field caused by shear was very pronounced
and the local buckling in the lower compression panel only moderate, girder B2 showed
a very pronounced compression buckling of the lower panel also with a failure of the
longitudinal stiffener near to the transverse stiffener, causing failure in the upper panel
due to compression. Girder A2 had hw/tw = 187.5 and girder B2 had hw/tw = 250.
For girders A3 and B3 global buckling was observed, see Fig.3.34(a) and Fig.3.37(a).
In both cases the longitudinal stiffener failed and caused this buckling mode. Especially
for girder B3, which had a class 4 longitudinal stiffener, the stiffener failure was very
distinctive, while for girder A3 a slight tension field in the larger subpanel could be
observed.
In the following figures Fig.3.32 – Fig.3.37 the local buckling of the flange can also be
noticed, which mainly occurred after the maximum capacity had been reached. Local
flange buckling can clearly be observed for girders B1, B2, B3 and A2. Nevertheless,
flange buckling was also observed as a secondary failure for girders A1 and A3.
The maximum resistance and the failure mode of the conducted experimental inve-
stigations are summarised in Tab.3.8. For further details and information reference is
made to [64].
Table 3.8: Summarised test results.
Girder Vmax (kN) Failure mode
A1 1678 local buckling of the lower subpanel
A2 1431 local buckling of the upper subpanel
A3 940 global buckling of the stiffened panel
B1 1148 local buckling of the lower subpanel
B2 931 local buckling of the upper subpanel and
buckling of the longitudinal stiffener
B3 926 global buckling of the stiffened panel
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Figure 3.32: Girder A1: (a) Out-of-plane measurements, (b) Load-displacement diagram.
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Figure 3.33: Girder A2: (a) Out-of-plane measurements, (b) Load-displacement diagram.
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Figure 3.34: Girder A3: (a) Out-of-plane measurements, (b) Load-displacement diagram.
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Figure 3.35: Girder B1: (a) Out-of-plane measurements, (b) Load-displacement diagram.
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Figure 3.36: Girder B2: (a) Out-of-plane measurements, (b) Load-displacement diagram.
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Figure 3.37: Girder B3: (a) Out-of-plane measurements, (b) Load-displacement diagram.
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3.3.6 Summary
Six full scale plate girders stiffened with transverse and longitudinal stiffeners were tested
for interaction of high bending moment and shear force. For the girders stiffened in the
compression zone (A2, A3, B2 and B3) the first buckling appeared in the largest sub-
panel, which was subjected to bending with a stress ratio of ψ = σcompression/σtension ≈
−0.5 and shear. By increasing the applied displacement the direct stresses in the stiff-
ener caused flexural buckling of the stiffener and consequently global shear buckling
appeared over the whole web.
Pure local buckling was obtained for the girders stiffened at the mid-web depth (A1
and B1). In these cases the stiffener was not subjected to normal forces and the stiffness
of the stiffener was sufficiently high to prevent global buckling due to shear stresses. The
interaction of bending and shear force can be seen from the inclination of the tension
field. For high compressive stresses the inclination of the tension field is increased.
After the maximum capacity had been obtained, local buckling of the flange was always
observed as a secondary failure. For these cases the subpanels were subjected to bending
with a stress ratio of ψ = σcompression/σtension ≈ 0 and shear, where the upper subpanel
is subjected to pure tension, while the lower one is under pure compression.
Here the positive effect of tension stresses on the buckling behaviour of slender plates
can clearly be seen, as the panel subjected to compression and shear was obviously
the decisive one and the panel subjected to tension and shear showed only very slight
out-of-plane deformations due to shear.
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4 Numerical investigations
4.1 General
The rapid development of data processing during the last decades opened the door to
a lot of new possibilities for many engineering applications. While in former days the
study of physical effects needed experimental investigations, nowadays it is possible to
run numerical simulations allowing to analyse the effect of certain parameters, while
otherwise many tests would be required boosting the costs. Furthermore, numerical
simulations may be used in preliminary phases of a product development in order to
reduce the needed iterations. However, numerical models can be very sensitive to certain
assumptions such as e.g. boundary conditions, loadings or imperfections so that they
should still be verified by appropriate experimental investigations. In the frame of
this work numerical analyses have been conducted using the so-called Finite Element
Method (FEM). In the following a conceptional overview on the method is given, for
further information appropriate literature is recommended such as e.g. [3], [109], [126]
and [127].
The universal formulation of the FEM allows for the use in a wide field of applications
such as e.g. structural analysis, heat transfer or even magnetic fields. Simulations
according to the FEM consist in generally of three main parts: pre-processor, solver and
post-processor.
During the pre-processing phase the real structural element is modelled and idealised
using finite elements with specific material properties. Boundary conditions as well as
loads F are afterwards applied to the model. In the solver phase the element stiffness
matrix eK is generated for each single finite element and superposed additively to a
global stiffness matrix Kg. This matrix represents the coefficient matrix for solving the
system of equations of the sought deformations u, see Eq.(4.1).
Kgu = F (4.1)
Based on the deformations it is possible to determine stresses and reaction forces in
the regarded system. Since the results are principally just a huge amount of data and
numbers it is necessary to post-process this data in order to graphically visualise them
to have an overview on the deformation behaviour as well as on the stresses.
A general-purpose software that comprises the complete mentioned steps is ABAQUS
[104], which is used in the release 6.11 for the present work for conducting the numerical
investigations.
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Table 4.1: Overview on selected assumptions for FE-methods.
Theory Material Geometric Imperfections Example of use
behaviour behaviour
LA linear linear no elastic resistance
LBA linear linear no critical plate buckling load
GMNIA non linear non linear yes elastic-plastic resistance in ULS
4.2 Analyses and assumptions
In Annex C, EN 1993-1-5 [36] a guidance on the use of the FEM is given, which is followed
also in the present work and commented where required. Generally, the mentioned annex
gives several assumptions for conducting numerical analyses. The relevant assumptions
for the numerical investigations in the frame of this work are listed in Tab.4.1. The linear
analysis (LA) is only used to check if the model generally works correctly (boundary
conditions and loading) as also recommended by Timmers [110].
The elastic buckling of flat plates especially for multiaxially loaded plates is treated
in Sec.2.1. While for unstiffened plates subjected to multiaxial loading it is possible
to use analytic formulations for determining the critical load, this is not the case for
stiffened plates. Therefore, linear buckling analyses (LBA) need to be conducted to
solve the classical eigenvalue problem. For this purpose the software EBPlate [16] is
used within the present work. Of course, also ABAQUS allows for conducting linear
buckling analyses, however, since in the carried out parametric studies, for reasons of
practicality, the imperfections are applied using analytical sine-functions, there is no
need for exporting the geometry of the eigenmodes, so that the specifically for LBA
developed EBPlate has been utilised.
For determining the elastic-plastic resistance so-called geometric and materially non-
linear analyses with imperfections (GMNIA) have been conducted, which represent the
most sophisticated way of modelling and comes the closest to the real behaviour of
slender plates. Due to the non-linearities in geometry, which arise from the large defor-
mation when buckling occurs and the need to recalculate the equilibrium in each step
at the deformed shape, the solution of Eq.(4.1) requires an incremental and iterative
solution strategy.
A common strategy, which is implemented in ABAQUS, is the Newton-Raphson
method, where the correct solution is approximated by linear steps. The tangent stiff-
ness is therefore used for the “direction” of the increment, where based on the im-
balance between the applied loads and the evaluated loads equilibrium several itera-
tions are conducted until the imbalance reaches a defined threshold value. For the full
Newton-Raphson method, which is used for large deformations, the tangent stiffness is
determined for each iteration.
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Figure 4.1: Proportional loading with unstable response [104].
In general, the analysis can either be controlled by displacements or by loads. A
displacement-controlled analysis allows to follow the descending path of the load-displace-
ment curve, while per se in a load-controlled analysis the tangent stiffness becomes zero
when the maximum load is reached, so that regular full Newton-Rhapson methods fail
to converge. However, since for the investigated parameter studies it is necessary to
have constant load ratios (e.g. σz/σx) a displacement-controlled approach would lead to
permanent variations of the stress-ratios, so that a load-controlled approach is required.
A way to overcome this issue is the so-called arc-length method solution strategy. In
contrast to the Newton-Raphson method, it allows to follow the descending path of the
load-displacement curve using proportional loading and thus keeping the stress-ratios
always constant.
The modified Riks method [89] is one of the several proposed arc-length methods and
implemented in ABAQUS for the increments, whereas the Newton-Raphson method is
still used for the iterations. The method is able to provide solutions even in cases of
complex, unstable response such as shown in Fig.4.1.
According to [104] the loads are applied always proportional in each step, where a
defined reference load Pref is amplified by a load proportionality factor λ resulting in
the current load magnitude Ptotal and including also a dead load P0 if necessary for
the case of a previous history, see Eq.(4.2). However, dead loads do not occur in the
conducted investigations, so that the current load is directly defined by the reference
load and the load proportionality factor.
Ptotal =✚✚❃
0
P0 + λ
(
Pref −✚✚❃
0
P0
)
= λ · Pref (4.2)
To avoid missunderstandings in the following sections the load proportionality factor
is denoted as “LPF”.
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4.3 Numerical modelling (GMNIA)
4.3.1 Geometry and Imperfections
When numerically calculating the ultimate load of a plate subjected to buckling with a
geometrically and materially non-linear analysis and imperfections included (GMNIA),
the application of the initial imperfections plays a decisive role. Generally two types
of imperfections are distinguished: the geometrical and the structural imperfections.
Some typical geometrical imperfections are for example the initial deformations, shrink-
age at weldings, differences of the real geometrical values from the nominal ones and
loading inaccuracies, while structural imperfections include e.g. residual stresses due
to the fabrication process or inhomogeneities of the material causing a scatter of the
yield strength. As it can be seen by the manifoldness of the mentioned imperfections,
the realistic implementation of all of them is neither feasible nor possible, especially
for the practical designer, who does not know what the imperfections will be for the
built structure. Instead of considering all these effects it is common to apply idealised
imperfections to a structure. These consist of initial deformations and in some cases
also of residual stresses.
The application of initial deformations to a structure is usually subdivided into local
and global imperfections, as for example done in Annex C, EN 1993-1-5 [36]. Local
imperfections imply the application of buckles to a subpanel and the twist to the stiff-
eners or the flanges. This can be done by using e.g. sine-functions or the respective
buckling-modes showing the desired deformation. Global imperfections are considered
by the application of initial deformations over the whole structure, including also stiff-
eners if present. The initial deformations may be described by the imperfection shape
and amplitude. In the frame of this work unstiffened as well as stiffened plates are inves-
tigated, so that the initial deformations applied to the model are both local and global
imperfections. The definition of the applied imperfection shape and amplitude is of
utmost importance, since it influences the buckling behaviour decisively. Schmidt [98]
and Winterstetter [123] therefore classify the initial deformations referring to shell
buckling. In [92] it is noted that this classification may be applied also for plate buckling
analyses. The classification is summarised in the following:
• Realistic imperfections: Shape and amplitude should correspond as much as
possible to the real imperfections of the structure. Since these imperfections in-
evitably depend from the fabrication process and the assembly operation, these
realistic initial deformations are unknown when performing the structural design.
• Worst case imperfections: The imperfection shape that leads together with
a given amplitude to the lowest resistance. Usually an imperfection shape affine
to the first buckling mode is used. Brune [13] shows cases where the utilisation
of this assumption does not lead to the lowest resistance. Nevertheless, the as-
sumption of the eigenmode-affine imperfections usually lead to higher reductions
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than the usage of realistic or stimulating imperfections. Another imperfection type
which can be categorised to the worst case imperfections are the collapse-affine
imperfections. Here the imperfection shape corresponds to the deformed shape
at collapse. The procedure for this imperfection type is very laborious, since a
nonlinear buckling analysis has to be performed previously itself.
• Stimulating imperfections: The applied initial deformations should allow to
cover the real behaviour of the structure with the numerical model in princi-
ple. Stimulating imperfections can be for instance eigenmode-affine or fabrication-
oriented imperfections.
For the recalculation of the experimental investigations, the realistic imperfections are
used, since they have accurately been measured. For the numerical parametric studies,
it is decided to use stimulating imperfections, see discussion in Sec.4.6.4.
4.3.2 Material
For recalculation of the tests, the material properties are taken from the tensile coupon
tests and modified into true stress-strain curves according to Eq.(4.3).
σtrue = σ (1 + ε) (4.3a)
εtrue = ln (1 + ε) (4.3b)
When the stress-strain curve is not known, assumptions must be made. This can be
done for mild structural steel by a bi-linear material model. In Annex C, EN 1993-1-
5 [36] several possibilities are listed for the modelling of material behaviour. In the frame
of this work, for the numerical parametric studies a bi-linear material without strain
hardening is used. The investigations are conducted with nominal values for structural
steel S 355 with an elastic modulus E = 210 000N/mm2, Poisson’s Ratio ν = 0.3, a yield
strength fy = 355N/mm
2 and a plateau slope of E/10 000 to avoid numerical problems.
4.3.3 Discretisation
When using FEM, as the name implies, the structural system is idealised by finite
elements, which have to be chosen according to the respective purpose. For the numerical
investigations in the following the so-called “S4R” element is used, which accounts for
finite membrane strains as well as for arbitrarily large rotations and is therefore suitable
for large-strain analyses. The element is a 4-node element with each six degrees of
freedom and reduced integration. Reduced integration usually provides more accurate
results and reduces running time significantly, especially in three dimensions [104].
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4.4 Recalculation of experimental investigations on
multiaxially loaded plates
4.4.1 General
The numerical recalculation of the experimental investigations, which were carried out
in the frame of the DASt–AiF project [68] and are shown in Sec.3.2, is presented in
the following. The numerical simulations are conducted to verify the procedure for the
modelling and especially to compare the behaviour in dependence on the applied tensile
stresses, as clear mode changes have been observed during the experiments, see Sec.3.2.5.
In the frame of this work, only the main outcomes are presented in order to keep this
chapter manageable. For further details reference is made to the technical report of the
research project “Beulen mehrachsig beanspruchter Platten” (DASt–AiF) [68].
4.4.2 Numerical model
The numerical model is built up following the principles described in the foregoing
sections using the multi purpose code ABAQUS [104]. The material properties are
derived from tension coupon tests and modified to true stress–strain values according
to Eq.(4.3). The measured initial imperfections presented in Sec.3.2.2.3 are applied to
the model and “S4R” elements are used as described in Sec.4.3.3.
In Fig.4.2 the numerical model is shown exemplarily for test D3. The loads are
applied in reference points, which are coupled with the respective edges via equation
constraint in order to apply a constant displacement as during the tests. The lateral
restraints for defining the tested area are applied as boundary conditions in y–direction.
The boundary conditions of the compressed edges are assumed to be hinged, as for the
tests special pivot bearings have been used, see Fig.3.11 a). The boundary condition
on the edges where tensile forces are introduced are modelled as clamped, as the load
introduction device is connected with a two–row bolt connection.
4.4.3 Global response
The global responses are compared by the load–displacement curves obtained from the
tests and the numerical simulations allowing to evaluate the maximum forces, the initial
stiffness as well as the descending paths of the curves.
The results of the numerical simulations are presented and compared to the exper-
imental results in Fig.4.4. The diagrams show the load–displacement curves for the
compressed edge. Fig.4.3 and Tab.4.2 show that the numerically obtained maximum
loads match with the experimental ones, while the curves from the experiments show a
less stiff behaviour. However, it should be noted here that the vertical displacements are
in such a small range, that deformations of the test setup also play a role. Even though
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Figure 4.2: Numerical model for test D3.
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Figure 4.3: Comparison of tests and simulations.
the deformation of the portal frame as well as the deformation of the support have been
measured and are already considered for the presented curves, it was practically not
possible to measure the deformations in the hinges and the load introduction devices,
see Fig.3.11 so that in Fig.4.4 the numerical load–displacement curves are additionally
shifted to compare the stiffness just before buckling, as during the beginning of the
tests the stiffness is influenced in part by the test setup. These curves are denoted as
“FEM⋆”.
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Figure 4.4: Comparison of force-displacement curves from tests and numerical simulations.
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Table 4.2: Experimental and numerical maximum loads of the multiaxially loaded plates.
Test C1 C2 C3 D1 D2 D3
Fc, test [kN] 738.5 781.8 713.4 696.7 866.3 872.1
Fc, FEM [kN] 703.6 759.5 748.5 684.1 885.0 886.7
Fc, FEM−Fc, test
Fc, test
· 100% −4.7 −2.9 +4.6 −1.8 +2.1 +1.6
4.4.4 Local response (out-of-plane deformations)
The out-of plane deformations of the tests are compared to the deformations from the
numerical simulations in Fig.4.5 to Fig.4.10. For the numerical recalculations of the
experimentally investigated plates under multiaxial stress state the same phenomena
can be observed for the buckling shapes. While for the plates under pure compression
the failure mode shows a one half–wave mode for both C1 and D1 (β = 0), for all
plates influenced by tensile stresses more half–waves are observed in the direction of
the compressive stresses. The tests C2 (β = −0.5) and C3 (β = −1) both show a two
half–wave failure shape. The same is also observed for D2 (β = −0.5), while for higher
tensile stresses D3 (β = −1) a three half–wave failure shape develops.
Therefore, from the comparisons of the numerical simulations with the experimental
investigations it can be concluded that the adopted procedure for assessing the ultimate
load of slender plates under multiaxial stress state gives reliable results and correctly
takes into account also the development of multi–wave failure shapes in dependence on
tensile stresses. Nevertheless, for practical reasons the model is further simplified as
described in Sec.4.6.
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a) Test b) Numerical simulation
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Figure 4.5: Panel deformation [mm] - test C1; a) Test, b) Numerical simulation.
a) Test b) Numerical simulation
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Figure 4.6: Panel deformation [mm] - test C2; a) Test, b) Numerical simulation.
a) Test b) Numerical simulation
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Figure 4.7: Panel deformation [mm] - test C3; a) Test, b) Numerical simulation.
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a) Test b) Numerical simulation
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Figure 4.8: Panel deformation [mm] - test D1; a) Test, b) Numerical simulation.
a) Test b) Numerical simulation
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Figure 4.9: Panel deformation [mm] - test D2; a) Test, b) Numerical simulation.
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Figure 4.10: Panel deformation [mm] - test D3; a) Test, b) Numerical simulation.
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4.5 Recalculation of experimental investigations on
longitudinally stiffened plates
4.5.1 General
The experimental investigations, which were carried out in the frame of a DFG project
[64] are presented in Sec.3.3 and have shown the interaction of direct and shear stresses
on the buckling behaviour. In the following, the numerical results of the recalculation
of these tests, which were conducted in close collaboration with Dr. Franc Sinur, are
presented to demonstrate the performance of the finite element method using the as-
sumptions described in the foregoing sections when dealing with multiaxial stress states.
For overview purposes in this work only the main outcomes are presented in a compact
way. For further details reference is made to the full report [64].
4.5.2 Numerical Model
The numerical model is built up following the principles described in the foregoing
sections using the multi purpose code ABAQUS [104]. The plates are meshed with
“S4R” elements as well as with “S3R” elements, which are a degenerated version of the
“S4R” element and fully compatible with them. The material properties are derived
from tension coupon tests, modified to true stress-strain values according to Eq.(4.3)
and the measured initial geometric imperfections are applied. Investigations conducted
by Sinur and Beg in [106] and [107] concluded that for the regarded case the influence
of residual stresses is rather negligible and can be ignored in the numerical studies.
Therefore the results of simulations calculated only with geometrical imperfections and
with the combination of residual stresses and geometrical imperfection were compared
differing for just 0.7%. Fig.4.11 shows exemplarily the numerical model for girder A1,
where also the load application point as well as the supports are marked.
4.5.3 Global response
The global response is compared by the load-displacement curves obtained from the
tests and the numerical simulations allowing to evaluate the maximum forces, the initial
stiffness as well as the descending paths of the curves.
In Fig.4.12 a) the results for girder A1 are shown. The numerically obtained response
of the girder is slightly different to the experimental response. The main difference is
obtained in the plastic area. Loss of load is obtained at lower vertical displacement
in case of numerical simulation as in the test. Hardening can be clearly seen in the
test, while in case of numerical simulation no hardening was observed. The stiffness, as
expected, is slightly higher in the numerical model as in the test, but this difference is
not significant.
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The results for girder A2 are shown in Fig.4.12 b). The global response of the
numerical simulation follows the response from the test. The initial stiffness is very
similar in both cases as well as the behaviour of the yield plateau.
The global response of girder A3 is plotted in Fig.4.12 c). For this girder the numerical
response fits very well the response obtained in the test in all aspects. The initial stiffness
and behaviour in the yield plateau is very similar.
In Fig.4.12 d) the results obtained for girder B1 are compared. The elastic response is
similar while the response in the yield plateau differs. In the test, hardening is observed,
while within the numerical simulation no such response is found.
Fig.4.12 e) shows the comparison of the global response obtained by the test and
numerical simulation for girder B2. As in case of girders A2 and A3 also for girder B2
a very similar response obtained by numerical simulation is found. The elastic response
obtained from the numerical simulation follows the test results. The response in the
yield plateau follows the test response.
The results for girder B3 are shown in Fig.4.12 f). The numerical simulation fits very
well with the results from the test in all three aspects: initial stiffness, behaviour in the
yield plateau and maximum resistance.
The results of the numerical simulations are summarized and compared to the exper-
imental results in Tab.4.3.
Figure 4.11: Numerical model for girder A1.
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Figure 4.12: Comparison of force-displacement curves from tests and numerical simulations.
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Table 4.3: Experimental and numerical maximum loads of the longitudinally stiffened plates.
Test A1 A2 A3 B1 B2 B3
Fc, test [kN] 1678 1431 940 1148 931 926
Fc, FEM [kN] 1601 1377 912 1082 908 887
Fc, FEM−Fc, test
Fc, test
· 100% −4.6 −3.8 −3.0 −5.7 −2.5 −4.2
4.5.4 Local response (out-of-plane deformations)
The out-of-plane deformations of the tested girders are compared to the numerical results
in Fig.4.13 to Fig.4.18. Despite that the out-of-plane deformation is a very sensitive
parameter, the numerical model gives comparable results to the ones obtained from the
tests. The numerical model sufficiently describes the behaviour of the real tests. With
appropriate consideration of significant parameters such as real material model and
actual initial imperfections the numerical results are very close to the real behaviour of
experimental test, as in the presented situations. By the comparisons of the experimental
and the numerical results it can therefore be shown that the selected assumptions for
the numerical modelling lead to a realistic reproduction of the real buckling behaviour.
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a) Test
b) Numerical simulation
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Figure 4.13: Panel deformation [mm] - girder A1; a) Test, b) Numerical simulation.
a) Test b) Numerical simulation
Figure 4.14: Panel deformation [mm] - girder A2; a) Test, b) Numerical simulation.
a) Test b) Numerical simulation
Figure 4.15: Panel deformation [mm] - girder A3; a) Test, b) Numerical simulation.
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a) Test
b) Numerical simulation
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Figure 4.16: Panel deformation [mm] - girder B1; a) Test, b) Numerical simulation.
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Figure 4.17: Panel deformation [mm] - girder B2; a) Test, b) Numerical simulation.
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Figure 4.18: Panel deformation [mm] - girder B3; a) Test, b) Numerical simulation.
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4.6 Numerical model for unstiffened plates
4.6.1 General
The numerical model for unstiffened plates is developed for conducting a wide parametric
study in Sec.5. In general, the model is the same as used for the recalculation of the
tests shown in Sec.4.4. However, it is simplified by eliminating the unloaded parts of
the plate, as they are not of importance for the further numerical investigations. The
model therefore consists of a simple plate, which represents a local web or flange panel
cut out from a whole structure. This allows to analyse the behaviour of the buckling
phenomena with a wide range of parameters and to evaluate in a later step the current
design rules in EN 1993-1-5 [36].
4.6.2 Boundary conditions
An important parameter for the analysis of plate buckling effects are the applied bound-
ary conditions. Therefore, different types of boundary conditions are investigated for
the validation of the simplified model as well as for the undertaken parametric study
in Sec.5. For the analysis on plates subjected to direct stresses, the assumptions from
Braun [11] are included in the models. These are named here as the boundary condi-
tions BC-A, BC-B and BC-C, see Fig.4.19. BC-A assumes that in the case of uniaxial
compression the loaded edges remain straight, while the unloaded edges are free to move
in plane. In the case of biaxial compression-tension, the edges loaded with compression
remain straight and the edges loaded with tension are free to move. With boundary
condition BC-B all edges remain straight, while in contrast to this with BC-C all edges
are free to move in plane.
The edge boundary conditions for the straight edges are realised by so-called linear
multi-point constraint equations. These type of constraint requires that a linear com-
bination of nodal variables is equal to zero, see [104]. The equation is then applied to
the degree of freedom which is constrained to be constant along the desired edge. The
equation constraint is applied only in perpendicular direction of the respective edge,
while the nodes remain always free to move in the longitudinal direction.
a) BC-A b) BC-B c) BC-C
Figure 4.19: Boundary conditions.
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Figure 4.20: Study of the mesh convergence for uniaxial direct stresses (GMNIA).
4.6.3 Mesh convergence
To identify the required mesh density, a sensitivity analysis has been conducted showing
the influence of the number of elements on the ultimate resistance of a plate (b/t =
83) loaded with direct stresses as well as on the computing time. The comparison is
conducted for both imperfection amplitudes w0 = b/200 and w0 = b/420 and it can
be noticed, that both curves are parallel and a sufficient accuracy with an acceptable
calculating time can be reached for 40 elements along the edge.
4.6.4 Verification
4.6.4.1 General
In the following sections the known buckling resistance curves shown in Sec.2.4 both for
compression and shear are recalculated with the numerical models previously presented.
Since a frequent case for multiaxial loading is combined bending and shear for webs, the
numerical model is calculated under several compression–bending combinations (ψ =
0.5; 0;−0.5 and −1.0), especially as here the buckling curves according to EN 1993-1-
5 [36] and DIN 18800-3 [22] differ noticeably.
This procedure allows to confirm the suitability of the models for the further para-
metric studies conducted on multiaxially stressed plates.
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4.6.4.2 Plates in uniaxial compression
The buckling curves used in Chapter 4, EN 1993-1-5 [36] are based on tests and studies
of postcritical strength conducted byWinter [122] and evaluated and confirmed among
others later by Scheer [94]. Since then several investigations analysed the behaviour
of uniaxial compressed plates subjected to buckling. During the turn of the millennium
some doubts arose on the validity of the Winter curve. Ruff & Schulz [90], induced
by different questions such as among others the geometric imperfections of real struc-
tures often exceeding the manufacturing tolerances, conducted numerical investigations
on plates under pure compression. The relation between the ultimate load and the
applied imperfections where therefore investigated. They came to the conclusion that
using eigenmode-affine imperfections with amplitudes according to the manufacturing
tolerances would give ultimate loads up to 20% below the Winter curve and proposed a
new reduction curve with additional reductions due to residual stresses and not perfectly
parallel edges.
Although, due to several replies, this was then later relativised in a supplemental
statement [91], it gave reason for further investigations conducted by Lindner & Rusch
[74], especially because in [91] residual stresses were not considered. The outcomes from
the project were later published in [92]. The contradictions between numerical and
empirical results for the ultimate load were resolved by using stimulating imperfections
instead of worst-case imperfections. A modification of the buckling curves used in the
codes and already proven in reality for many years was not considered as necessary.
Winterstetter [123] came to similar conclusions for shell structures, where fab-
rication oriented stimulating imperfections were used for performing a wide parametric
study. Lindner & Rusch [74] transferred this approach to plate structures giving
generally the following two options for applying stimulating imperfections:
1. Definition of fabrication oriented imperfection shapes according to Winterstet-
ter [123]
2. Using eigenmode-affine imperfection shapes with reduced amplitudes and residual
stresses compared to the worst-case assumption
Since option 1 has a rather subjective character, Lindner & Rusch [74] performed
their studies following option 2. The investigations confirmed the results from Usami
[118] that the Winter curve can be recalculated with a reduced amplitude and without
residual stresses. If also residual stresses are considered, the amplitude is reduced once
more as well as the applied residual stresses. In Tab.4.4 these two options are shown.
Since the eigenmode-affine imperfection with reduced amplitude and without residual
stresses showed to give reliable results in [11], the recalculation of the buckling curves
is conducted with this type of imperfections to verify the numerical model used for the
parametric studies in the following sections. Additionally, the imperfection amplitude is
set to b/200 according to EN 1993-1-5 [36] in order to identify the effect on the ultimate
load, depending on the plate slenderness.
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Table 4.4: Stimulating imperfections according to [74].
Imperfection Amplitude Residual stresses Residual stresses
(eigenmode-affine) w0 (compression σres,c) (tension σres,t)
A b/420 - -
B b/500 0.1 fy 0.5 fy
Lindner & Rusch [74] also spotted that the boundary conditions of the non-loaded
edges have a significant influence on the ultimate load, while the length of the plate has
only a minor effect, if the same imperfection amplitude is applied. Also Braun [11]
investigated the effect of the boundary conditions, concluding that the edge constraints
have a large influence on the buckling behaviour especially for slender plates. The effect
of the boundary conditions is also regarded in the present work in order to verify the
numerical model, since the effect of the boundary conditions on the buckling interac-
tion study is also regarded. Therefore, for the recalculation of the buckling curves the
boundary conditions BC-A, BC-B and BC-C are used see Fig.4.19.
In Fig.4.21 the calculated reduction factors for the numerical model with BC-A are
drawn against the Winter curve. In general it is visible that the Winter curve is re-
calculated sufficiently well with both imperfection amplitudes, although in the medium
to high slenderness range the b/420 is slightly closer and for stocky plates the model
with b/200. As expected, the influence of the imperfection amplitude vanishes for high
slenderness. For the parametric studies both amplitudes are applied to the numerical
model. Since the assumed boundary condition is on one hand conservative for inner sub-
panels, where all edges remain straight providing that the neighbouring panels are stiff
sufficiently, and on the other hand may be unsafe for panels loaded with patch loading
where the edges do not necessarily remain straight, the case of pure compression is also
studied for the boundary conditions BC-B and BC-C.
In Fig.4.22 the results are shown analogically for the boundary condition BC-B. The
numerical results for stocky plates lie close to the Winter curve and for slender plates
noticeably above. This behaviour arises from the increased tension stresses in perpen-
dicular direction to the applied load caused by the constrained edges. This effect is more
pronounced for high slenderness since due to buckling the edges in the middle would
tend to move inwards but are forced to remain straight, so additional stabilising tension
stresses occur. Fig.4.23 shows the results for boundary condition BC-C i.e. for all edges
free to move in-plane. The numerically calculated reductions are in good agreement with
the reduction curve given in Annex B, EN 1993-1-5 [36] for the parameters αp = 0.34
and λp = 0.70 derived by Mu¨ller [82].
The recalculations of the buckling curves are conducted on a square plate, which as
discussed by Braun [11], can be considered as the worst case. From the shown results
it can be concluded that the developed numerical model performs sufficiently well and
can be used for further parametric studies. Fig.4.24 shows the sound performance of
the simulations in a statistical comparison of the simulations and the Winter curve.
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Figure 4.21: Comparison of simulations and the Winter curve (BC-A, α = 1, all edges hinged,
loaded edges constrained and unloaded edges unconstrained).
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Figure 4.22: Results of simulations in case of a plate with constrained edges (BC-B, α = 1,
all edges hinged and constrained).
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Figure 4.23: Comparison of simulations and the buckling curve according to Annex B, EN
1993-1-5 (BC-C, α = 1, all edges hinged and unconstrained).
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Figure 4.24: Statistical comparison of simulations and the Winter curve (BC-A, α = 1, all
edges hinged, loaded edges constrained and unloaded edges unconstrained).
Since for the parametric study concerning the interaction of direct and shear stress,
the stress gradient is of practical importance, a recalculation of the buckling curves with
linear stress gradients including stress ratios of ψ = 0.5; 0;−0.5 and −1.0 is conducted
additionally. For the following recalculations the model with the boundary conditions
BC-A is used, since the model successfully correlates with the Winter curve, which is
the basis for the buckling curves considering stress gradients, see Eq.(2.20) and Tab.2.4.
Furthermore, the model with the boundary condition BC-A shows a very good agreement
when recalculating the shear buckling curves, see Sec.4.6.4.3.
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Fig.4.25 shows the results from the numerical simulations on the recalculation of the
buckling curve with a stress ratio of ψ = 0.5. In addition to the buckling curve according
to EN 1993-1-5 [36] also the buckling curve according to DIN 18800-3 [22] presented in
Sec.2.4.3 is shown. It can be seen that the buckling curve according to EN 1993-1-
5 [36] gives for all cases smaller reduction factors than the numerical calculations, while
DIN 18800-3 [22] matches very well with the approach according to Usami [118] (w0 =
b/420). The same conclusion can be drawn also for the case of ψ = 0, where DIN 18800-
3 [22] again matches very well with the approach from Usami [118], while EN 1993-1-
5 [36] gives smaller reduction factors, see Fig.4.26. For this case the same behaviour was
already observed by Kuhlmann & Braun in [65], where also the influence of residual
stresses was investigated showing only a small influence within the shown bandwidth of
results. Therefore, in [65] the approach fromUsami [118] was adopted for the evaluation
of further analyses. Also for stress gradients containing tension stresses from bending
(ψ = −0.5 and −1) the buckling curves from EN 1993-1-5 [36] lead to smaller reduction
factors while DIN 18800-3 [22] matches with the numerical calculations, see Fig.4.27
and Fig.4.28.
The buckling curve depending on the direct stress distribution for internal compres-
sion elements used in EN 1993-1-5 [36] is presented by Johansson et al. in [51] with
reference to Dubas [30], where in turn, referring to Watanabe [121], it is pointed out
that it is generally accepted that the influence of imperfections is less severe for bend-
ing than for pure compression. Therefore, as a modification of the Winter curve, an
equation including the effect of the stress gradient was presented and later adopted in
EN 1993-1-5 [36]. However, it is quite astonishing that the buckling curves from DIN
18800-3 [22] match almost perfectly with the numerical simulations, while the buckling
curves from EN 1993-1-5 [36] give conservative results when a stress gradient is consid-
ered, in particular having in mind that both curves merge into the Winter curve for the
“extreme” case of pure compression (ψ = 1.0).
Fig.4.29 shows a comparison of the different buckling curves from EN 1993-1-5 [36]
and DIN 18800-3 [22] for different stress ratios. It can be seen that both codes take into
account the positive effect of stress ratios ψ ≤ 1. But while in EN 1993-1-5 [36] the effect
is mainly indicated by an elongation of the yield plateau and all curves approach to each
other for high slenderness, the curves in DIN 18800-3 [22] are additionally “shifted” up.
Furthermore DIN 18800-3 [22] gives the same buckling curves for all cases with ψ ≤ 0,
see also Tab.2.4 for panels without longitudinal stiffeners.
4.6.4.3 Plates under shear
The model for shear calculations is the same as the one for direct stresses with BC-A, see
Sec.4.6. However, in order to reduce the influence of the lateral edges on the resistance,
the panel aspect ratio is increased to α = 2. Fig.4.30 points out the influence of the
panel aspect ratio α on the ultimate resistance τult, showing that this effect is more
pronounced for higher slenderness, while almost no difference is noticeable for small to
medium slenderness.
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Figure 4.25: Comparison of simulations and the buckling curves according to EN 1993-1-
5 [36] and DIN 18800-3 [22] (ψ = 0.5, α = 1, all edges hinged, loaded edges
constrained and unloaded edges unconstrained).
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Figure 4.26: Comparison of simulations and the buckling curves according to EN 1993-1-
5 [36] and DIN 18800-3 [22] (ψ = 0, α = 1, all edges hinged, loaded edges
constrained and unloaded edges unconstrained).
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Figure 4.27: Comparison of simulations and the buckling curves according to EN 1993-1-
5 [36] and DIN 18800-3 [22] (ψ = −0.5, α = 1, all edges hinged, loaded edges
constrained and unloaded edges unconstrained).
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Figure 4.28: Comparison of simulations and the buckling curves according to EN 1993-1-
5 [36] and DIN 18800-3 [22] (ψ = −1, α = 1, all edges hinged, loaded edges
constrained and unloaded edges unconstrained).
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Figure 4.29: Comparison of the buckling curves according to EN 1993-1-5 [36] and DIN
18800-3 [22] with different stress ratios ψ.
The imperfections are applied following the principles presented in Sec.4.6.4.2 for
a compatible procedure allowing for conducting investigations on plates subjected to
direct stresses and shear in a later step. In Fig.4.31 the results of the numerical study
are compared to the shear buckling curve given in Chapter 5 of EN 1993-1-5 [36] and the
statistical comparison of the simulations and the buckling curves is shown in Fig.4.32.
The influence of the imperfection amplitude w0 is rather small and only visible for
slenderness λ¯ . 1.2. The numerical results match very well with the buckling curve,
so that the approach, which has also been succesfully used in [65], can be regarded as
suited for futher parametric studies.
4.7 Numerical model for stiffened plates
4.7.1 General
For investigating the buckling behaviour of longitudinally stiffened plates under direct
stresses, a numerical model is developed based on the outcomes from Sec.4.6. Therefore,
the edges are modelled to be hinged and free to move in plane, so that the results are in a
later step compared to the design rules according to EN 1993-1-5 [36] using the buckling
curve from Annex B, since the model corresponds to the “BC-C-model” presented in
Sec.4.6.2. The boundary conditions of the model correspond to the design example for
finite element analysis conducted in [4]. The load is applied on the plate as well as
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Figure 4.30: Influence of the plate length on the shear buckling resistance τult.
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Figure 4.31: Comparison of simulations and buckling curves (BC-A, α = 2, all edges hinged).
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Figure 4.32: Statistical comparison of simulations and buckling curves (BC-A, α = 2, all
edges hinged).
on the stiffeners to represent the situation of continuous longitudinal stiffeners. Open
stiffeners are investigated in the frame of this work.
4.7.2 Parameters
In order to exclude torsional buckling of the longitudinal stiffeners, Chapter 9.9.2, EN
1993-1-5 [36] provides minimum requirements for stiffeners. Therein, two criteria of
the minimum requirements for transverse stiffeners are referred to in order to check
torsional buckling also for longitudinal stiffeners. Only for open longitudinal stiffeners,
if necessary, the torsional buckling has to be checked, see also [67]. Unless a more
advanced method of analysis is carried out in order to prevent torsional buckling of
stiffeners with open cross-sections the first criteria may be applied by checking the ratio
of the St.Venant torsional constant for the stiffener alone (IT ) and the polar second
moment of area of the stiffener alone around the edge fixed to the plate (Ip) according
to Eq.(4.4).
IT
Ip
≥ 5.3 fy
E
(4.4)
If the warping stiffness is taken into account, stiffeners should either fulfil the above
criterion or the criterion according to Eq.(4.5).
σcr ≥ Θ fy (4.5)
Herein, σcr is the elastic critical stress for torsional buckling not considering rotational
restraint from the plate and Θ is a parameter to ensure class 3 behaviour, which is
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recommended to Θ = 6 in EN 1993-1-5 [36]. As mentioned above, for trapezoidal or
similar closed sections these criteria are not required. According to Johansson et.
al [51] and Beg et. al [4] for a flat bar with the dimensions bst for the height and tst
for the thickness the criterion shown in Eq.(4.4) can be simplified to Eq.(4.6).
bst
tst
≤
√
E
5.3 fy
= 10.6 for S 355 (4.6)
The numerical investigations are carried out for a steel grade S 355, so that the
criterion in Eq.(4.6) results in bst/tst ≤ 10.6. Therefore, for all numerical simulations
with open stiffeners the height to thickness ratio is set to bst/tst = 10. The verification of
the stiffeners themselves is carried out indirectly by the verification of the global buckling
of the stiffened plate and by determination of the buckling coefficients considering the
stiffeners, see [67].
For the sake of completeness it is mentioned that current investigations conducted
by Ko¨vesdi & Dunai [59] deal with the stiffness requirements for cross girders on or-
thotropic plates subjected to pure compression. The starting point of the investigations
was the torsional stiffness criteria, which cannot be fulfilled by the designers in case of
T-section cross girders. The investigations led to a modification of the current “deflec-
tion limit” criterion and to a new “support rigidity” criterion as well as the elimination
of the “torsional stiffness” criterion. However, it should be noted that the investigations
deal explicitly with T-section cross girders not directly loaded with normal stresses. The
deduced criteria therefore apply for transverse stiffeners in order to provide a rigid sup-
port for a plate with longitudinal stiffeners. Therefore, in the present work the criteria
for the torsional stiffness according to Eq.(4.4) and Eq.(4.6) are applied nevertheless for
the geometry of the longitudinal stiffeners.
In order to also investigate the influence of the stiffness of the stiffener on the plates,
three levels are regarded. In Beg et al. [4] a classification for the stiffening is given,
where γ = 5 or 10 means lightly stiffened and for 30 ≤ γ ≤ 100 the plate is normally
stiffened. For the following investigations on stiffened plates the values of γ = 7, 25 and
65 are applied to the stiffeners in order to cover the lightly and normally stiffened plates
as well as the transition area between them. It should be noted here that the stiffness
γ = 25 is selected from the classification of longitudinal stiffeners done in [4] and not
from the minimum stiffness requirement γmin = 25, which was derived in COMBRI [66]
for the effective with method, as the reduced stress method allows for accounting for
any type of stiffness of longitudinal stiffeners.
Additionally, to include the interaction of column- and plate-like behaviour, three
length to width ratios α are investigated. The panel aspect ratio α as well as the stiffness
of the stiffener γ have a decisive influence on the behaviour of the plate. With increasing
panel aspect ratio the behaviour is governed by plate-like buckling, while increased
stiffness of the stiffeners lead to a more column-like governed behaviour. Therefore in
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Figure 4.33: Effect of panel aspect ratio (α), stiffness of the stiffener (γ) and number of the
stiffeners (N) on the interaction parameter (ξ).
addition to the different stiffness of the stiffeners the panel aspect ratios α = 1, 1.5 and
2 are regarded. The effect of the panel aspect ratio and the stiffness of the stiffener on
the interaction parameter ξ for column- and plate-like buckling behaviour is shown in
Fig.4.33 for the investigated cases of one to four stiffeners (N = 1, 2 and 4).
Therefore, the interpolation formula for the influence of column-like behaviour ac-
cording to EN 1993-1-5 [36] is evaluated for the regarded cases. It should be noted
here that this does not represent the “real” buckling behaviour of the plates but aims
at covering a wide range for the current formulation. According to Eq.(2.23) almost
pure column-like behaviour (ξ = 0) is found for α = 1, except for weak stiffeners, where
a small interaction with plate-like buckling occurs. The plates with α = 1.5 result in
a mixed behaviour for all stiffeners, where the weak stiffeners are more influenced by
plate-like behaviour, while the stronger stiffeners are more influenced by column-like
buckling. The longer plates with α = 3 show mainly plate-like behaviour for the weak
stiffeners and a mixed behaviour for the stronger ones. As mentioned before, these basic
parameters are chosen to represent a wide range for the buckling behaviour within the
parametric study on combined loading.
The parameters used for the validation of the numerical model are summarised in
Tab.4.5 resulting in a total of 270 possible combinations. Of course, the total number of
numerical calculations are far more, since several possible imperfections and imperfection
combinations need to be considered, see Sec.4.7.3.
4.7.3 Imperfections
In the frame of a DFG research project [64] for stiffened plates an advanced method
for the direct determination of the most unfavourable imperfection shape by means
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Table 4.5: Varied parameters for the validation of the numerical model for stiffened plates.
Panel aspect ratio Stiffness of the stiffener Slenderness Number of stiffeners
α γ b/t N
65, 80, 90, 100
1, 1.5, 2 7, 25, 65 115, 130, 150 1, 2, 4
180, 210, 250
Figure 4.34: Comparison of Test-No.: E50-70 from [97] and simulations with and without
residual stresses according to [86].
(translation from German language: Last = Load, Mitteldurchbiegung = De-
flection in the centre of the panel, mit Eigenspannung = with residual stresses,
ohne Eigenspannungen = without residual stresses, Versuch = Test)
of ultimate limit states was presented using an exact sensitivity analysis according
to [56], [57], [61] and [62]. Even though the method works well in the examined ex-
amples, it showed to be very complex and not practicable for a larger parametric study,
so that for further investigations the initial imperfections are applied as equivalent ge-
ometric imperfections according to Annex C, EN 1993-1-5 [36], see Tab.4.6. It is noted
here that for the calculation of the global imperfection amplitude b = bgl and for the
local imperfection amplitude b = bloc are taken. As shown by Pourostad in [86], the
influence of residual stresses on stiffened plates under pure compression is very marginal
compared to the influence of geometrical imperfections, so that the application of equiv-
alent geometric imperfections is regarded as absolutely sufficient for the evaluation of
the buckling rules and further parametric studies. Fig.4.34 shows an exemplary com-
parison of a test from [97] and simulations with and without residual stresses according
to [86].
In Fig.4.35 a) - c) the components of the applied imperfections for a single stiffened
plate with an open stiffener are exemplarily shown. In a later step they are combined
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Table 4.6: Equivalent geometric imperfections according to EN 1993-1-5 [36].
Type Component Shape Magnitude
global longitudinal stiffener with length l bow min(a/400, b/400)
local panel or subpanel with short span a or b buckling shape min(a/200, b/200)
local stiffener or flange subject to twist bow twist 1/50
a) global imperfection of
the stiffened plate
b) local imperfection of the
subpanels
c) imperfection of the
stiffener
d) Combined imperfections and loading
Figure 4.35: Applied imperfections and loading of a stiffened plate.
according to Sec. C.5(5), EN 1993-1-5 [36] to perform the numerical simulations, see
Fig.4.35 d). Therefore, a leading imperfection is chosen and the accompanying imper-
fections are reduced to 70%. Even though in literature such as e.g. [4] it is shown that
usually the global imperfection as the leading one gives the smallest resistance, for the
sake of completeness within this work all possible combinations are taken into account.
Annex C, EN 1993-1-5 [36] illustrates the global imperfection shape for stiffened pan-
els according to Fig.4.36. One question that arises when applying the global imperfection
to a plate stiffened with more than one longitudinal stiffener is where the magnitude for
the imperfection amplitude should be measured. Fig.4.37 shows three different possible
interpretations of Tab.4.6 on the example of a plate stiffened with four longitudinal
stiffeners. In interpretation 1 the maximum amplitude is applied for the middle of the
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Figure 4.36: Global imperfection shape according to Annex C, EN 1993-1-5 [36].
a) interpretation 1
wglob
b) interpretation 2
wglob
c) interpretation 3
wglob
Figure 4.37: Applied imperfection types on a stiffened plate.
plate. This approach is the one often found in literature, as e.g. [4] and [110]. However,
this may lead to very small imperfections for stiffeners near the edge. For this reason
in interpretation 2 the maximum amplitude of the global imperfection is defined for
the stiffener, which is close to the edge, leading in turn to increased amplitudes in the
middle of the plate.
The imperfections are applied by adding sine functions to the perfect geometry. In
case of interpretation 1 the maximum amplitude of the imperfection is as defined in EN
1993-1-5 [36], while for interpretation 2 the maximum amplitude, as mentioned above,
is increased according to Eq.(4.7).
w0,max =
w0, EN 1993−1−5
sin
(
π·bloc
b
) (4.7)
Herein, bloc is the distance between the equally spaced stiffeners. Tab.4.7 shows a
comparison of the maximum amplitude for interpretation 1 and 2 for equally spaced
longitudinal stiffeners. While for only one stiffener the two approaches lead of course
to the same amplitude, this changes with increasing number of stiffeners, leading to a
difference in the maximum amplitude of up to 70%.
In the third approach, denoted as interpretation 3, the maximum amplitude is defined
as for interpretation 2, but is assumed constant between the longitudinal stiffeners. This
approach leads to a more realistic imperfection shape, which is also similar to the failure
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Table 4.7: Comparison of the maximum amplitudes according to interpretation 1 and 2.
No. of stiffeners bloc w
int. 2
0,max
wint. 20,max
wint. 1
0,max
· 100%
1 b/2 b/400 100%
2 b/3 b/346 115%
4 b/5 b/235 170%
shape, where the outermost panels in general fails and the stiffeners move almost parallel.
Interpretation 3 is therefore used for the following investigations.
4.7.4 Verification
Fig.4.38 a) shows all numerical results for plates with one, two and four single sided
open stiffeners in comparison with the design rules according to EN 1993-1-5 [36] us-
ing EBPlate [16] for the determination of the critical buckling stress. For the sake of
convenience the presented numerical results are already the minimum resistances for all
regarded combinations of imperfections according to Annex C, EN 1993-1-5 [36]. Gen-
erally, it can be noted that the design rules and the numerical results are in a very good
agreement. Of course, due to different influences and the complexity of the load bearing
behaviour, a perfect match on the bisecting line (RFEM = Rt,EN ) cannot be found as
in the case of the buckling curves for unstiffened plates. Nevertheless, the developed
model can be regarded as suited for further parametric studies. It is noted here that
for the analyses the boundary condition is chosen as BC-C according to Fig.4.19 and
compared to the design procedure using the buckling curve according to Annex B, EN
1993-1-5 [36], see Sec.4.6, as the investigation of all boundary conditions would have
gone beyond the scope of this work. Additionally, the resistance according to EN 1993-
1-5 [36] is calculated also using Annex A for the determination of the critical buckling
stress and marked with blue crosses. It can be noticed that, compared with the results
gained by using EBPlate [16], slightly more conservative values are obtained. In Fig.4.38
b) - d) the results are also shown separately for plates stiffened with one, two and four
stiffeners. While for plates with one stiffener the numerical results match very well with
the code rules, the results scatter more to the conservative side when more than one
stiffener is considered. Similar conclusions can also be found in [5] and the Background
Document to Work Package 1.1 of the COMBRI-project [66].
Some lower resistances are found for plates stiffened with one longitudinal stiffener,
see Fig.4.38 b) and Fig.4.39 a). A further break down of the results in different panel
aspect ratios α in Fig.4.39 b) - d) shows a very narrow distribution for α = 1, while for
longer plates the scatter is slightly higher. Some lower results are only found for the
cases with the weak stiffener γ = 7 and high b/t-ratios. The results with the stiffeners
γ = 25 and 65 are found higher than with the design procedure according to Chapter
10, EN 1993-1-5 [36].
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a) all results
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b) one stiffener
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c) two stiffeners
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d) four stiffeners
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Figure 4.38: Statistical comparison of simulations and design according to EN 1993-1-5 [36]
for stiffened plates.
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a) all results
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Figure 4.39: Statistical comparison of simulations and design according to EN 1993-1-5 [36]
for stiffened plates (one stiffener).
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4.8 Summary
In order to investigate a wide parametric range for analysing the buckling behaviour
of multiaxially stressed plates the Finite Element Method is adopted within this work.
After an overview on the method and the assumptions in accordance to Annex C, EN
1993-1-5 [36] the recalculations of the experimental investigations presented in Sec.3 are
conducted, showing an appropriate agreement between the experimental and the numer-
ical investigations in sense of global and local response, so that the applied procedure
for conducting the numerical investigations can be regarded as verified. However, for
the realisation of the parametric studies in the following chapter, simplified models are
generated considering several kinds of boundary conditions. The models are validated
by prior knowledge from the buckling curves using the approach from Usami [118] rec-
ommended by Lindner & Rusch [74] and also adopted by Braun [11]. While for pure
compression ψ = 1 the numerical simulations showed almost perfectly the Winter curve,
in case of stress gradients ψ < 1 the numerical simulations met the buckling curves from
DIN 18800-3 [22]. In this case the curves from EN 1993-1-5 [36] give more conservative
results. These results are quite interesting, as both approaches merge into the Winter
curve for the “extreme” case of pure compression.
For investigating the buckling behaviour of longitudinally stiffened plates, a numer-
ical model is developed based on the outcomes from the numerical investigations on
unstiffened plates. The longitudinal stiffeners are applied as open sections and the di-
mensions are chosen to avoid torsional buckling of the stiffeners. In order to cover a
wide parametric range, three different relative stiffness are applied to the plate as well
as different panel aspect ratios and numbers of the stiffeners. For the validation of the
model the results of the numerical simulations are compared to the design rules accord-
ing to EN 1993-1-5 [36] using the buckling curve from Annex B, EN 1993-1-5 [36] for
pure compression. Even though the scatter of the results is larger than for unstiffened
plates, which is in the nature of the problem and was already observed in the COMBRI-
project [66], the model shows to perform properly, so that the model can be regarded
as suited for further investigations on stiffened plates subjected to biaxial compression.
122
5 Parametric studies on multiaxially
loaded plates
5.1 General
In order to obtain an adequate database for the further step of evaluating or improving
the current design rules given in EN 1993-1-5 [36] a large number of simulations has
been conducted in the frame of the following parametric studies. The study on unstiff-
ened plates is subdivided into two parts. In the first part the effect of tensile stresses on
the buckling behaviour under direct stresses is investigated and in the second part the
effect of tensile and compressive direct stresses on shear buckling considering also stress
gradients. The simulations are conducted for the whole range of interaction and for
different boundary conditions as well as imperfection shapes, which allows the identifi-
cation of their influences. Sec.5.5 – Sec.5.7 focus on unstiffened plates, which represent
the basic case for the application of the buckling rules, which should therefore reproduce
the buckling behaviour under multiaxial stress states as accurate as possible. Stiffened
plates are treated in a further step in Sec.5.8.
All the regarded load combinations and variations of the boundary conditions and
imperfection shapes have been conducted for different width-to-thickness ratios b/t as
well as for different length-to-width ratios α. The material used for the parametric study
has a yield strength of fy = 355N/mm
2 and no strain hardening has been accounted
for, thus a yield plateau according to EN 1993-1-5 [36] has been applied, see Sec.4.
5.2 Imperfections
As described in Sec.4.3.1 in general the imperfections can be distinguished into realistic,
worst case and stimulating imperfections. Since the imperfection shape has a decisive
impact on the buckling behaviour as already shown for example by Dow & Smith
[28] or Ueda et al. [115], a special attention is paid to this issue. The aim of the
parametric study is to obtain preferably realistic and also safe sided results considering
mode transitions, see Sec.3.2. This can only be achieved when applying imperfection
shapes, which are likely to be found in real structures rather than applying high-frequent
imperfection shapes which result e.g. from a linear buckling analysis (LBA). Jo¨nsson
& Bondum [53] e.g. used in their analyses imperfection shapes with up to ten half
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Figure 5.1: Measured imperfection shapes plotted against the length-to-width ratio α, [41].
waves for a length-to-width ratio of α = 4. This assumption led to conservative results,
which were used in a further step in defining reduction curves. Real measurements
have been conducted by Fischer et al. [41] on stiffened and unstiffened slender steel
bridge plates with length-to-width ratios 0.86 ≤ α = a/b ≤ 7.08. The results show
that for ratios α >
√
2 the measured imperfections differ from the first eigenmode, so
that for α = 3 the “three-wave mode” was practically never observed. The measured
imperfection shapes from [41] are plotted against α in Fig.5.1 (where “Beulwert” is the
German term for buckling coefficient). It can be seen that for short plates one- and
two-wave imperfections were found, while for longer plates additionally “drop”-shapes
(T) and three-wave imperfections (D) were observed. It should be mentioned, that the
observed three-wave imperfection in [41] is a superposition of a one- and a three-wave
mode, so that a numerical approach with a pure three-wave imperfection shape is on
the safe side.
Braun [11] conducted investigations on slender plates in the range of biaxial com-
pression for α = 1 and 3, where the three-wave mode has been used in order to aim at a
lower bound. For the further studies within this work a similar approach is chosen, as the
experimental investigations in Sec.3.2 and also the numerical investigations in Sec.4.4
revealed mode transitions for the failure modes. These mode-jumps are also observed for
the parametric study, so that especially with increasing b/t-ratios, the three-wave im-
perfection is able to eliminate increased ultimate loads due to suppressed mode-jumps.
This can be explained by the fact that, depending from the applied parameters, the
plate tends to buckle in a certain failure mode. As the initial imperfection may not
correspond to this mode, the ultimate load is then increased by the stiffness of the plate
until the maximum load is exceeded and a mode transition occurs, leading to a sudden
drop in the load-displacement curve. This effect is shown more in detail in Sec.5.5.2.
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a) one half-wave b) two half-waves c) three half-waves
Figure 5.2: Imperfections for the parametric study on direct stresses for α = 1.
In the compression–tension investigations for square plates as well as for long plates
the imperfections have been applied as sine-functions with one to three half-waves, see
Fig.5.2. The three-wave mode does in this case of course not represent a realistic initial
imperfection, but is used for aiming at a lower bound for the before mentioned reasons.
The tension–shear as well as compression-shear investigations are conducted on plates
with a length-to-width ratio of α = 2 using one- and two-wave imperfection shapes.
Both imperfection amplitudes b/200 and 420 are used to observe the sensitivity on the
buckling behaviour.
As Braun [11] showed that residual stresses do not significantly increase the quality
of the recalculations of the buckling curves, and geometric imperfection and residual
stresses have to be adjusted in every case such that a good agreement with the relevant
buckling curve can be achieved, also in the parameter studies within this work equivalent
geometric imperfections are considered as fully sufficient.
5.3 Loading
The loading of the model is performed using so-called “shell edge loads” that are applied
as line loads along the edges. The ratio of the stresses in both directions (σz/σx) is
defined and adjusted using the interaction angle presented in Eq.(2.5). In order to
investigate the interaction domain accurately, the individual angle steps ∆Θ are set to
5◦, where Θ is defined according to Fig.2.1. The amounts of the applied stresses are
calculated with a transformation of the von Mises criterion according to Eq.(5.1), where
the equivalent stress σv is set equal to the yield stress fy.
σv =
√
σ2x + σ
2
z − σx · σz + 3 · τ2 != fy
⇒ σ2x + β2 · σ2x − β · σ2x = f2y
⇒ σx = fy√
β2 − β + 1
(5.1)
where: σz = β · σx (see also Eq.(2.5))
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For the investigations on the interaction of direct stresses and shear the analogue
procedure is conducted using the interaction parameter βτ = τ/σx and the interaction
angle Θτ , which is varied as well in small steps of ∆Θτ = 5
◦ to precisely cover the
interaction domain. The transformation of the von Mises criterion leads to the stress
relations given in Eq.(5.2).
σv =
√
σ2x + σ
2
z − σx · σz + 3 · τ2 != fy
⇒ σ2x + 3 · β2τ · σ2x = f2y
⇒ σx = fy√
3 · β2τ + 1
(5.2)
where: τ = βτ · σx
By referencing the applied load with respect to the von Mises criterion as shown
in Eq.(5.1) and Eq.(5.2) the LPFs resulting from the numerical simulations represent
directly the global reduction factors, see also Eq.(4.2) in Sec.4.2.
5.4 Implementation of the model
The implementation of the numerical model is done with the use of the ABAQUS-intern
Python interpreter [105] and several Matlab subroutines [79]. Fig.5.3 shows an overview
of the applied procedure. The models, which have been verified in Sec.4.6 and Sec.4.7 are
described by the respective parametrised models in the programming language Python.
For further information on the programming language Python reference is made to [88].
The parameters are then modified by Matlab subroutines using the specified input
parameters such as the geometry and the loading of the plate. Afterwards the input
files are generated using the ABAQUS-intern Python interpreter. These input files
are still without imperfections, so that the next Matlab subroutines add the defined
imperfections to the model according to Sec.5.2. The generated input files are then
queued in ABAQUS and executed one after the other by batch processing.
After conducting the numerical simulation on the model including imperfections,
the results are evaluated using another subroutine exporting the load proportionality
factor (LPF), the displacements as well as figures of each simulation, which allows for
monitoring them in case of convergence problems.
The applied procedure is clearly structured and allows for analysing a large parameter
range. As the input is always derived from the verified model and the output is moni-
tored for all simulations the gained data from the parametric studies can be regarded as
consistent. The same approach is adopted in principle for all realised parametric studies
including also the investigations on stiffened plates presented in Sec.5.8.
126
5.4 Implementation of the model
Parameterised Model (Python)
Input Data
(geometry, loading) Matlab Subroutine
Input Files (Python)
Python Interpreter
Abaqus/CAE Kernel
Input Files
Imperfections Matlab Subroutine
Input Files including Imperfections
Abaqus/Standard Script for Evaluation (Python)
Output Database Python Interpreter
Abaqus/CAE Kernel
LPF, displacements, images, ...
Figure 5.3: Implementation of the model and procedure for the parametric study.
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5.5 Tension–Compression
5.5.1 Overview
For evaluating the buckling behaviour of slender plates subjected to tension–compression
a large parametric study is presented in the following sections. A variation of the listed
effecting parameters is conducted:
• Tension–compression ratios over the whole range (steps of ∆Θ = 5◦, see Sec.5.3)
• Slenderness b/t = 30, 45, 65, 100, 150 and 250
• Panel aspect ratios α = 1 and 3
• Imperfection shapes and amplitudes (one, two and three half-waves,
w0 = b/200 and b/420)
• Edge boundary conditions (free to move in-plane vs. restrained, hinged vs. clamped)
The results on square plates α = 1 are presented in Sec.5.5.2 and the ones for long
plates α = 3 in Sec.5.5.3.
5.5.2 Investigations on square plates
The results of the parametric study on square plates subjected to tension–compression
are for the sake of clarity subdivided by the type of edge boundary conditions, see
Fig.4.19 (BC-A, BC-B, BC-C with hinged and BC-Ac with clamped edges). Addition-
ally, for BC-A the results are subdivided by the applied imperfection shape (one, two
and three half-waves) in order to highlight the effect on the buckling resistance in de-
pendence on the interaction angle Θ, see Fig.2.1. Therefore Fig.5.4 to Fig.5.7 show the
results for boundary condition BC-A, which has the compressed edges constrained to
remain straight in-plane, while the edges loaded with tension are free to move in-plane.
To reduce the volume of this section, the results for the other boundary conditions
are presented already as the minimum from all investigated imperfection shapes and
compared to BC-A.
Effect of Imperfections
In Fig.5.4 with the one half-wave imperfection shape for the b/t-ratios up to 100 an
increase of the applicable compression stresses can be observed just until slightly before
the curve reaches the von Mises criterion. In the case of b/t = 150 and 250 a sudden
drop of the curves can be observed. This is due to failure-mode transitions, where the
shape changes from a one half-wave to a three half-wave shape. The increased resistance
that occurs just before the drop is due to the fact that the imperfection shape “forces”
the plate to buckle in a one half-wave mode. For the lower b/t-ratios, where the drop
does not occur, the stiffness of the plate is sufficient to keep it in the predetermined
buckling shape, while for the more slender plates the stiffness is not sufficiently high
and so a mode transition takes place. This can also be observed by the earlier drop of
resistance for the plate with b/t = 250 compared to b/t = 150. This effect has also been
observed during the experimental investigations as shown in Sec.3.2.5.
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For the stockier plates a different behaviour is observed using a two half-wave imper-
fection shape, see Fig.5.5. The increase of the applicable compression stresses do not
develop as for the one half-wave imperfection shape, so that the curve falls with increas-
ing tension. On the other hand the curve starts at a higher level for pure compression
compared to the one half-wave curve, resulting in an intersection between both curves.
For the more slender plates a similar behaviour for both imperfection shapes can be
observed. The plate with b/t = 250 again shows a drop in the curve. Here the failure
mode jumps from a two half-wave mode to a four half-wave mode.
Fig.5.6 shows the interaction curves for the plates using a three half-wave imperfection
shape. It can be noticed for b/t = 65, 100 and 150, that the interaction curves possess
sharp bends where the interaction curve changes from increasing to decreasing with
the amount of tension and the interaction curve of the plate with b/t = 250 does not
show a sudden drop anymore. Another observation is the influence of the imperfection
amplitudes b/200 and b/420 when comparing the curves. While generally it can be
found, as also shown in Sec.4.6.4 for the recalculation of the buckling curves, that with
increasing b/t-ratio and therefore higher slenderness the imperfection amplitude has
a rather minor influence, for the compression–tension interaction the influence of the
imperfection amplitude on the buckling behaviour becomes noticeable.
In order to get a safe-sided design procedure the lower envelopes of the interaction
curves are used for further analyses. Fig.5.7 shows the decisive interaction curves for
the boundary condition BC-A for all regarded plates. The curves have a monotone
character and the sudden drops observed for the very slender plates are eliminated, so
that no increase of the capacity due to suppressed mode transitions is accounted for.
The effect of the imperfection shape is illustrated exemplarily for selected cases in
Fig.5.8 (b/t = 150) and Fig.5.9 (b/t = 250), where the load-proportionality-factor is
plotted against the displacement of the compressed edge. In case of the plate with
b/t = 150 shown in Fig.5.8 the curve is smooth and the failure-mode has one half-
wave up to the interaction angle Θ = 25◦, see Fig.2.1. For higher interaction angles
the curve has a sharp bend (marked with a circle) where the mode changes from one
half-wave to three half-waves leading to reduced load-proportionality-factors. The sharp
bend occurs earlier for the smaller imperfection amplitudes, which is obvious since the
“obstacle” for the plate to buckle in the three half-wave mode is lower. In case of the
plate with b/t = 250 the curve shows a snap-through behaviour for the interaction angle
Θ = 65◦, where the buckling mode jumps from two half-waves to four half-waves, see
circles in Fig.5.8 and Fig.5.9. For the evaluation of the results the second peak marked
with triangles is considered as relevant. In Fig.5.10 the numerical results based on
the decisive imperfection are normalised, or in other words, related to the results for
pure compression showing the influence of the tensile stresses on plates with different
slenderness. It is noticeable, that with increasing b/t-ratio the influence increases leading
to elevated allowable compression stresses of up to over 30% for b/t = 250 compared to
the pure compression case.
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f) b/t = 250
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Figure 5.4: Numerical results for edges loaded with compression being constrained
(BC-A, α = 1, all edges hinged, 1-half-wave imperfection).
130
5.5 Tension–Compression
a) b/t = 30
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
-1.2 -1 -0.8 -0.6 -0.4 -0.2  0
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
von Mises
w0 = b/200
w0 = b/420
σx/fy [-]
σ
z
/f
y
[-
]
b) b/t = 45
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c) b/t = 65
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d) b/t = 100
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e) b/t = 150
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f) b/t = 250
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Figure 5.5: Numerical results for edges loaded with compression being constrained
(BC-A, α = 1, all edges hinged, 2-half-waves imperfection).
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c) b/t = 65
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d) b/t = 100
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e) b/t = 150
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f) b/t = 250
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Figure 5.6: Numerical results for edges loaded with compression being constrained
(BC-A, α = 1, all edges hinged, 3-half-waves imperfection).
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b) b/t = 45
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c) b/t = 65
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d) b/t = 100
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e) b/t = 150
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f) b/t = 250
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Figure 5.7: Numerical results for edges loaded with compression being constrained
(BC-A, α = 1, all edges hinged, decisive imperfection).
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Figure 5.8: Load-Proportionality-Factor (LPF) against displacement of loaded edge
(BC-A, α = 1, b/t = 150, 1-half-wave imperfection).
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Figure 5.9: Load-Proportionality-Factor (LPF) against displacement of loaded edge
(BC-A, α = 1, b/t = 250, 2-half-wave imperfection).
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Figure 5.10: Numerical results for edges loaded with compression being constrained, nor-
malised values (BC-A, α = 1, w0 = b/200, all edges hinged, decisive imperfec-
tion).
Effect of boundary conditions
As the buckling behaviour depends on the chosen boundary conditions, which was
shown in the recalculation of the buckling curves in Sec.4.6.4 and also by Braun [11],
the investigations for the compression–tension range are conducted for various boundary
conditions. Thereby of course the same procedure is followed as described for the model
with boundary condition BC-A concerning e.g. the application of the initial imperfec-
tions and the loading of the model. The following curves show already the curves gained
by the decisive imperfection in order to keep this section manageable.
At first, the effect of the rotational edge restraints is investigated and compared to
the hinged edges in Fig.5.11. Therefore the results for the clamped edges are named
as BC-Ac. The increase of the resistance for pure compression is clearly noticeable
and around 40%. Comparisons of the curves for the clamped plates approach to the
curves for the hinged plates show with increasing tensile stresses that the influence
of the edge clamping vanishes. This means that the increase of the resistance due to
rotational edge restraints, which usually provides a strength reserve since the design is
done using hinged boundary conditions and partially clamped conditions are present
in reality, is not given over the whole interaction range for the same amount. It can
also be seen that all curves reach the von Mises criterion at the same interaction angle
Θ, independently from the rotational boundary condition. Furthermore no noticeable
increase in the applicable compression stresses is observed over the whole interaction
range, except for b/t = 250 where a small increase takes place. The interaction curve is
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nearly monotonically decreasing with higher tensile stresses.
The effect of the in-plane edge restraints is investigated in a next step with the
boundary conditions used in Sec.4.6.4 for the recalculation of the buckling curves. The
results using boundary condition BC-B according to Fig.4.19 are shown in Fig.5.12 in
comparison to BC-A. The effect is rather small and concentrated in the region of pure
compression. With increasing tension the results of BC-B approach quickly to the ones
of BC-A, showing that the in-plane edge restraints in direction of the tension stresses
do not play an important role.
In contrast to this, the results using the boundary condition with all edges free to move
in-plane (BC-C), show that the in-plane edge restraints in the direction of compression
influence the buckling behaviour almost over the whole interaction range until reaching
the von Mises criterion. For the plates with b/t = 30 and 45 there is almost no difference
between BC-A and BC-C, which is obvious since the buckling curve from Annex B, EN
1993-1-5 [36] also approaches the Winter curve for small slenderness. Nevertheless, for
all regarded plates the curves again reach the von Mises criterion at the same interaction
angle Θ, see Fig.2.1.
The results are referred to pure compression (normalised) and summarised in Fig.5.14
for all boundary conditions. The most influencing parameters for the compression–
tension interaction behaviour, when referred to the pure compression resistance, are
the in-plane edge restraints in the direction of compression. For boundary condition
BC-C the increase of the applicable compression stresses is up to about 50%, while the
increase in case of boundary conditions BC-B and BC-Ac is negligible. The latter two
have a similar influence on the buckling behaviour with increasing slenderness.
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Figure 5.11: Comparison of hinged edge (BC-A) to clamped edge (BC-Ac) in the tension-
compression interaction domain.
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Figure 5.12: Comparison of BC-A to BC-B in the tension-compression interaction domain.
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Figure 5.13: Comparison of BC-A to BC-C in the tension-compression interaction domain.
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Figure 5.14: Effect of boundary conditions, values referred to pure compression (α = 1,
decisive imperfection).
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Figure 5.15: Limit angles for buckling (α = 1).
Intersection of the interaction curves with the von Mises criterion
As observed from the foregoing investigations, all interaction curves determined by the
numerical simulations conducted on square plates have the same intersection point with
the von Mises criterion, independently from the edge boundary condition and assuming
the same imperfection amplitude. Or, in other words, the effects of the boundary
conditions vanish with increased tensile stresses and the intersection with the von Mises
criterion remains only dependent on the b/t–ratio, thus the slenderness.
This fact can be utilised in defining a limit interaction angle Θlim for a quick esti-
mation of whether the plate is subjected to buckling or not. The interaction angle is
defined according to Fig.2.1. Thereby, the engineer in practice may identify directly,
if the buckling design may be skipped by a simple stress check. The limit interaction
angle is therefore put against the plate slenderness under uniaxial compression and a
curve is fitted with the method of the least-squares [81], see Fig.5.15. In order to give
a more practical solution the determined factors are simplified resulting the proposed
adjusted curve, which can be expressed in degrees with Eq.(5.3). For defining the pro-
posed equation, conservatively the intersection points resulting with an imperfection
amplitude w0 = b/200 are used.
Θlim = 90 ·
(
1− 1
2 · λp,0
)
(5.3)
It should be highlighted here that this option does only account for plates subjected
to pure plate–like behaviour without the effects of column–like buckling, see Sec.2.3.
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Figure 5.16: Effect of aspect ratio on the shape of interaction curves, exemplarily shown for
an aspect ratio of α = 3 [11].
5.5.3 Investigations on long plates
The investigations on long plates may be divided into two parts. The first one concerning
long plates loaded with compression on the short side and the second one loaded with
compression on the long edges. The plates loaded with compression on the short edge
have a plate-like behaviour and are already covered by the investigations on square
plates in Sec.5.5.2. Nevertheless, for the sake of completeness the results for long plates
loaded with compression on the short edge are also shown briefly in the following. The
plates loaded with compression on the long edges are conducted for investigating the
influence of the tensile stresses on the column-like buckling behaviour, see Sec.2.4.2.3.
Two or three half-wave shapes indirectly provide a stiffening of the plate in this case,
resulting in increased resistances. Therefore the decisive imperfection is a one half-wave
shape. Investigations from Braun [11] on the buckling behaviour of long plates under
biaxial compression show this effect on the transition of the decisive imperfection from
one half-wave to three half-waves mode, see Fig.5.16. The analyses in the present work
investigate the “continuation” of the shown interaction curves in both directions.
Fig.5.17 shows exemplarily a comparison of the out-of-plane deformations of a long
plate (a = 3000mm, b = 1000mm, t = 10mm) loaded with compression on the short
edges and on the long edges. It is noted here, that for both illustrated cases a one half-
wave imperfection shape has been applied to the model. While the model loaded on
the long edges develops a one half-wave failure mode, for the plate loaded on the short
edges a mode transition occurs and the plate buckles with three half-waves. Even if this
looks very obvious, it highlights the fact that a three half-wave imperfection shape in
case of the plate loaded on the short edge would lead to the minimum resistance, while
this imperfection shape would lead to a stiffer behaviour when the plate is loaded on
the long edge.
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a) compression on short side
b) compression on long side
Figure 5.17: Numerical out-of-plane deformations of a long plate loaded with uniaxial com-
pression on the short edges (a) and on the long edges (b).
Long plates loaded with compression on the short edges
The investigations on long plates loaded with compression on the short side are sum-
marised in Fig.5.18 for BC-A. The results show a similar behaviour like the square plates,
see Fig.5.6. Also here the presented results represent already the minimum resistance
for different imperfection shapes. As also observed for square plates, mode transitions
occur, which is clearly noticeable in the sudden drops of the curves. Even though the
discontinuities are mainly evened out by the application of several imperfection shapes,
still some slight dithering is visible pointing out the sensitivity of the numerical model.
However, since the results on square plates are found safe-sided and more stable,
these results will be used as reference for the further evaluation of the buckling rules for
plate-like behaviour.
Long plates loaded with compression on the long edges
The results for plates loaded with compression on the long side are illustrated in
Fig.5.19 to Fig.5.21 for the investigated boundary conditions. While the results of BC-
A and BC-B are quite similar, BC-C clearly shows higher reductions. As expected,
the curves lie below the curves calculated for compression on the short side, because
column–like behaviour has a decisive influence on buckling and therefore the resistance
is reduced once more. The shapes of the curves show a favourable influence from tension
stresses and reach the von Mises criterion with increasing interaction angle Θ. However,
a strong impact from tensile stresses is not observed.
Nevertheless, the intersection points of the curves with the von Mises criterion do
not approach the results for plates loaded with compression on the short side, showing
that even with high tension stresses column–like behaviour still prevails.
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Figure 5.18: Numerical results for short edges loaded with compression being constrained
(BC-A, α = 3, all edges hinged, decisive imperfection).
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Figure 5.19: Numerical results for long edges loaded with compression being constrained,
compression applied on long side (BC-A, α = 3, all edges hinged).
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Figure 5.20: Numerical results for all edges constrained, compression applied on long side
(BC-B, α = 3, all edges hinged).
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e) b/t = 150
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f) b/t = 250
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Figure 5.21: Numerical results for all edges unconstrained, compression applied on long side
(BC-C, α = 3, all edges hinged).
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5.6 Tension-Shear
For evaluating the buckling behaviour of slender plates subjected to tension and shear
stress, a variation of the ratio of direct and shear stress is conducted considering also
the different stress gradients ψ = 1, 0.5, 0 and −0.5.
The b/t-ratios have been chosen slightly different from those for the tension–compres-
sion analyses, in order to better cover the interaction area also with regard to the
subsequent compression–shear simulations conducted in Sec.5.7. According to EN 1993-
1-5 [36] shear buckling has to be taken into account if the criterion given in Eq.(5.4) is
fulfilled. For the investigated plates with S 355 the limiting slenderness is b/t = 58.6, so
that b/t = 60 is used to represent the transition area between where yielding and where
buckling becomes decisive for pure shear when the stress gradient is ψ = 1. However,
this case is obviously not of interest if tensile stresses interact with shear, as then plate
buckling is not relevant, but it is when compression stresses are involved, so that here
the presented results are chosen for b/t ≥ 70.
hw
tw
≥ 72 · ε
η
where: ε =
√
235/fy (5.4)
In Fig.5.22 the results for a tensile stress ratio of ψ = 1 are normalised and sum-
marised showing the influence of the tension stresses referred to the pure shear buckling
resistance τ0. As also observed for the case of tension–compression, the positive in-
fluence of tensile stresses increase with the b/t-ratio. The results in the tension–shear
interaction domain show a pronounced effect of tensile stresses on the shear-buckling
resistance. In order to keep this section manageable, the results from the numerical
simulations are shown in Sec.B.1 of the Annex. Fig.B.1 shows that the applicable shear
stresses increase almost constantly until reaching the von Mises criterion. Generally it
can also be seen that the imperfection amplitude does not have a noticeable influence
on the resistance.
Effect of stress ratio ψ
Since in many practical cases, such as for webs, shear stresses occur together with
bending moments leading to stress gradients for the direct stresses, the effect of these
stress ratios is also investigated in order to verify a generally applicable design proce-
dure. The results regarding the influence of the stress ratio ψ on the shear resistance
are summarised in Fig.5.23. For a better overview only the results gained with an im-
perfection amplitude of w0 = b/200 are shown and limited to b/t = 70, 100, 150 and
250.
As expected, the maximal increase of the shear resistance can be observed for the
case of simultaneously acting pure tensile stress (ψ = 1). If a stress ratio of ψ = 0.5 is
applied for the tensile stresses only a small influence can be noticed compared to the
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Figure 5.22: Numerical results for the short edges loaded with tension being constrained,
referred to the pure shear buckling resistance τ0 (BC-A, α = 2, w0 = b/200, all
edges hinged).
pure tension case (ψ = 1), since the positive effect of the tensile stress is still dominant.
In contrast to this, the plates subjected to a stress ratio of ψ = 0 show a clear drop
in their shear resistance for b/t ≥ 100, while the stockier plate with b/t = 70 remains
almost untouched. If the stress ratio ψ is negative, thus applying also compression
stresses of a small amount (ψ = −0.5), a pronounced drop of the curves for b/t ≥ 100
occurs. Also here, for the stockier plate (b/t = 70) the stress ratio shows only marginal
changes. While for the stress ratios ψ ≥ 0 generally an increase of the shear resistance is
observed, it is worth mentioning, that for negative stress ratios, even if the tensile stresses
are higher than compression, a clear impact occurs to the shear resistance leading even
to a declining interaction curve for very slender plates (b/t = 250).
5.7 Compression-Shear
In addition to the effect of the tension stresses on the shear buckling behaviour, a
parametric study is conducted for investigating the influence of compression stresses.
Therefore, the same parameters as described in Sec.5.6 are used, but with compression
stress being larger than tension in case of ψ 6= 1.
In Fig.5.24 the results are normalised for a stress gradient ψ = 1 showing that the
shape of the interaction curves is nearly independent from the plate slenderness. Fur-
thermore, the curvature of the curves show that the shear resistance is more sensitive
to compression stresses than vice versa. This effect is even better shown on the non-
normalised results in Sec.B.2 of the Annex. Small shear stresses reduce the applicable
compression stresses only by a small amount, while already comparable small compres-
sion stresses reduce the shear resistance noticeably. For b/t ≥ 100 the imperfection
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a) b/t = 70
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b) b/t = 100
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c) b/t = 150
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d) b/t = 250
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Figure 5.23: Effect of stress ratio ψ on numerical results (BC-A, α = 2, w0 = b/200, all edges
hinged, σt ≥ σc applied on short edges).
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Figure 5.24: Numerical results for short edges loaded with compression being constrained,
referred to the pure shear buckling resistance τ0 (BC-A, α = 2, w0 = b/200,
ψ = 1, all edges hinged).
amplitude does not have an influence on the resistance, while for smaller b/t-ratios
the imperfection amplitude clearly influences the resistance, see Fig.B.5. Especially for
b/t = 45 the impact of the imperfection amplitude is obviously pronounced and almost
constant over the whole range.
Effect of stress ratio ψ
Since in many practical cases, such as for webs, shear stresses occur together with
bending moments leading to stress gradients for normal stresses, the effect of these
stress ratios is also investigated in order verify regarding a generally applicable design
procedure. The results of the influence of the stress ratio ψ on the shear resistance is
summarised in Fig.5.26. For a better overview only the results gained with an imper-
fection amplitude of w0 = b/200 are shown.
In contrast to the results gained by applying pure compression and shear, in case
of bending and shear the shapes of the reduction curves are dependent on the plate
slenderness. Therefore, the normalised results for a stress gradient ψ = −1 are gathered
in Fig.5.25 showing how the curves become flatter with increased b/t–ratio. Since the
current design formula shown in Eq.(2.19) does not consider the shape of the interaction
curves being dependent from the slenderness, as the exponents are constant and the
slenderness is gained by critical buckling analyses, see Sec.2.2.3, this case seems of
practical relevance for checking the design approach in a later step in Sec.6.
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Figure 5.25: Numerical results for edges loaded with compression being constrained, referred
to the pure shear buckling resistance τ0 (BC-A, α = 2, w0 = b/200, ψ = −1, all
edges hinged).
5.8 Numerical investigations on stiffened plates under
biaxial compression
5.8.1 General
Investigations conducted by Braun in [11] focused on the buckling behaviour of unstiff-
ened slender plates subjected to biaxial compression proposing a “V-factor” to overcome
discrepancies found between numerical results and the current design rules, see Sec.2.5.8.
However, recently questions arose from practitioners, if the proposed factor should be
applied also for stiffened plates, since the behaviour might be more favourable due to
e.g. clamping effects between the stiffeners. To the author’s knowledge, until now sys-
tematic research relating to the buckling behaviour of biaxially loaded stiffened plates
under compression such as e.g. [83], [84], [114] is settled in ship building or in aircraft
constructions such as [120]. The issue is also addressed in [80] pointing out that inve-
stigations are still missing and desirable. In order to check the design rules with the
behaviour of stiffened plates under biaxial compression, numerical parametric studies
are presented in this section on the basis of the verified model according to Sec.4.7.
5.8.2 Imperfections
The imperfections for all numerical models are applied according to Annex C, EN 1993-
1-5 [36] using sine functions for describing local and global imperfection shapes. This
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c) b/t = 100
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d) b/t = 150
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e) b/t = 250
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Figure 5.26: Effect of stress ratio ψ on numerical results (BC-A, α = 2, w0 = b/200, all edges
hinged, σc ≥ σt applied on short edges).
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Table 5.1: General layout for the combination of imperfections.
Combination Description
1 global
2 local (one half-wave)
3 local (multi half-wave)
4 global + 0.7 local (one half-wave)
5 global + 0.7 local (multi half-wave)
6 local (one half-wave) + 0.7 global
7 local (multi half-wave) + 0.7 global
approach has also been adopted successfully in Sec.4.7.3 for the verification of the nu-
merical model and allows for a systematic procedure in the superposition of several
imperfection shapes. An approach where the buckling shapes are used from a foregoing
elastic buckling analysis may contain “mixed” modes, where it becomes difficult to split
them into the individual parts to apply comparable imperfections for all cases. Fur-
thermore, the adoption of sine functions allows for a widely automatised and objective
generation of sets of imperfection shapes.
For the global imperfection shape the “interpretation 3” according to Fig.4.37 is
adopted, as it is representing the imperfections mostly found in reality. The verification
of the model has been conducted successfully using this approach, see Sec.4.7. The local
imperfections need several considerations. As found in Sec.5.5.3 for the long plates the
decisive local imperfection shape strongly depends on the type of loading. Since the
local subpanels of the investigated stiffened plates fall into this category, a special treat-
ment is required, so that several local imperfection shapes are considered and combined
according to the rules given in Annex C, EN 1993-1-5 [36]. Therefore, locally one and
multi half-wave imperfection shapes are applied to the model and the minimum resis-
tance of the gained results is taken and directly illustrated for the results in Sec.5.8.4.
The general layout for the combination of the imperfections is shown in Tab.5.1
5.8.3 Parameters
The investigated parameters are summarised in Tab.5.2. In general, for consistence
the parameters of the geometry correspond to the ones used for the validation of the
numerical model in Sec.4.7. However, the investigated b/t-ratios have been limited to
four representative values to keep the data manageable. The stress ratio, expressed
as interaction angle Θ according to Fig.2.1, is varied from 270◦ to 360◦ by increments
of ∆Θ = 5◦ in order to cover the whole biaxial compression interaction range. Thus,
the stress ratio results in 2 052 possible parameter combinations. When considering all
imperfection shapes a total number of over 14 000 numerical simulations are conducted.
As also done for the validation of the numerical model, the geometries of the stiffeners
are chosen such as to guarantee that no torsional buckling of the stiffeners occurs, see
Sec.4.7.2.
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Table 5.2: Parameters for study on stiffened plates under biaxial compression.
Panel Stiffness Slenderness Number Interaction angle
aspect ratio α of the stiffener γ b/t of stiffeners N Θ
1, 1.5, 2 7, 25, 65 65, 100 1, 2, 4 −90◦ · · · 0◦
150, 250 (∆Θ = 5◦)
5.8.4 Numerical results
The results of the numerical simulations are divided into several sets for the sake of a
better overview and comparability. Therefore, the results for plates stiffened with one
stiffener are presented split into different panel aspect ratios α in Fig.5.27 – Fig.5.29.
Since the results with one stiffener have been shown for the validation in Sec.4.7.4 to be
the closest to the design rules and conservative compared to plates with more than one
stiffener, which give slightly higher resistances, the results from the parametric study
are discussed for the case of one stiffener in the followings. For the sake of completeness,
the results with two and four stiffeners are placed in the Annex, see Sec.B.3.
In Fig.5.27 the results for a global panel aspect ratio of α = 1 are presented for the
three types of stiffeners γ = 7, 25 and 65. The ratio σx/fy denotes the resistance in
longitudinal direction, while σz/fy is the resistance in transverse direction, say in per-
pendicular direction to the stiffener. The graph shows that the resistance in transverse
direction for pure compression is for all b/t–ratios almost independent from the stiffness
of the stiffener γ, as a weak stiffener is already sufficient to prevent global buckling,
so that local buckling becomes decisive. In longitudinal direction an increase of the
resistance can clearly be observed from γ = 7 to γ = 25. The increase from γ = 25 to
γ = 65 is less, since with γ = 25 local buckling already prevails, except for b/t = 250.
The sharp bends in the curves show where the failure mode changes to a one-wave mode
if transverse stresses become decisive.
A very interesting observation can be made for the interaction domain, where in case
of weak stiffeners a very unfavourable interaction is found. In particular for b/t = 250,
150 and 100 a rather flat interaction is visible, where small transverse stresses lead to
a significant drop of the resistance in longitudinal direction since the deviating forces
is decisive. Stronger stiffeners lead to a rather round bodied and favourable interaction
behaviour, which is dominated by local buckling. The results of the panel aspect ratio
α = 1.5 are shown in Fig.5.28. For weak stiffeners an almost linear interaction is found,
which is also the case for b/t = 150 and 250 with stiffeners γ = 25. For the stronger
stiffeners a similar behaviour is found as for square plates. However, for α = 1.5 column–
like behaviour in transverse direction leads to smaller resistances compared to α = 1.
For plates with a panel aspect ratio α = 2 the resistance in transverse direction is
reduced once more for the weak stiffeners, as global buckling occurs. The interaction in
this case is almost linear. For the strong stiffeners the interaction again is found rather
favourable, as local buckling of the subpanels becomes decisive.
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In summary, it can be concluded that the buckling behaviour is strongly dependent
from the panel aspect ratio, the slenderness and the stiffness of the stiffener, resulting
in completely different types of characteristics for the interaction curves in the biaxial
compression domain. Similar conclusions can be drawn also for plates stiffened with two
and four stiffeners, see Sec.B.3 in the Annex. Furthermore, it can be seen that an increase
of the amount of the stiffeners in case of weak stiffeners has only marginal influence on
the resistance. From the findings of the numerical study it can be recommended not
to use weak stiffeners, as especially with biaxial compression the buckling behaviour is
very unfavourable.
If it is intended to prevent global failure, Chapter 9, EN 1993-1-5 [36] gives informa-
tion on stiffeners and detailing. In case of transverse stiffeners the code defines minimum
requirements on the stiffeners to provide a rigid support by a verification using a second
order elastic method analysis, which satisfies that the maximum stress in the stiffener
should not exceed fy/γM1 and that the additional deflection should not exceed b/300.
However, regarding the minimum requirements for longitudinal stiffeners EN 1993-1-
5 [36] gives just references to the buckling rules, see Sec.2.4.2. Recent publications such
as [8] and [80] adopted the minimum requirements for transverse stiffeners also on longi-
tudinal stiffeners in order to verify against global buckling. Anyway, in the frame of this
work the weak stiffeners are used intentionally to investigate whether the design rules in
general also cover correctly the global buckling behaviour so that the procedure given
in EN 1993-1-5 [36] is followed, where the longitudinal stiffeners are checked within the
buckling verification.
Effect of combined loads on the local and global buckling behaviour
The ratio of transverse and longitudinal stress may have a decisive impact on the fail-
ure shape of the stiffened plates. Due to the large amount of data, a detailed illustration
of all failure modes would unnecessarily distend this work, so that a representative case
is chosen to display the effects. Therefore, the case of a panel aspect ratio α = 2 is cho-
sen with b/t = 65 and γ = 25. Fig.5.30 shows the different out-of-plane deformations
when reaching the ultimate load for (a) Θ = −90◦, (b) Θ = −70◦, (c) Θ = −45◦ and
(d) Θ = 0◦, where – just as remembrance – an interaction angle of Θ = −90◦ means
pure compression in longitudinal direction (σx) and Θ = 0
◦ means pure compression in
transverse direction (σz), see Eq.(2.5).
The deformed shapes show clearly the different failure modes that occurred in the
numerical simulations. While for uniaxial compression, both in longitudinal and in
transverse direction, pure local buckling of the subpanels is observed, for the combined
actions global buckling is observed. This highlights the fact that transverse stresses lead
to deviating forces for the stiffener, causing in combination with longitudinal stresses
global buckling of the whole panel. The same effect of course happens also vice-versa,
where longitudinal stresses lead to deviating forces and to global buckling even if trans-
verse stresses are dominant.
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c) γ = 65
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Figure 5.27: Numerical results for stiffened plates loaded with biaxial compression, (α = 1,
n = 1, b/t = 30, 45, 65 and 100).
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a) γ = 7
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b) γ = 25
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c) γ = 65
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Figure 5.28: Numerical results for stiffened plates loaded with biaxial compression, (α = 1.5,
n = 1, b/t = 30, 45, 65 and 100).
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a) γ = 7
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b) γ = 25
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c) γ = 65
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 0  0.2  0.4  0.6  0.8  1  1.2
σx/fy [-]
σ
z
/f
y
[-
]
von Mises
b/t = 65
b/t = 100
b/t = 150
b/t = 250
Figure 5.29: Numerical results for stiffened plates loaded with biaxial compression, (α = 2,
n = 1, b/t = 30, 45, 65 and 100).
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Figure 5.30: Out-of-plane deformations in dependence on loading situation and the decisive
combination of imperfections, (α = 2, n = 1, b/t = 65, γ = 25).
Furthermore, in Fig.5.30 the decisive combination of imperfection for the minimum
resistance is given. By comparing the decisive combination with Tab.5.1 it becomes evi-
dent that for uniaxial compression the combination no. 7 with prevalent multi half-wave
imperfection leads to the minimum resistance, while for uniaxial transverse stresses the
decisive combination no. 6 with prevalent one half-wave imperfection is relevant. For
combined loading the combinations no. 5 and no. 6 with prevalent global imperfection
are decisive, where for predominant compression in longitudinal direction the global im-
perfection is combined with the multi half-wave local imperfection and for predominant
transverse stresses the global imperfection shape is combined with the one half-wave
local imperfection.
It is noted here that this effect, where local buckling occurs for the pure uniaxial
compression cases and global buckling occurs for the combined cases, is more pronounced
for long plates, where deviating forces can deflect the longitudinal stiffeners especially
when they are not sufficiently stiff.
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5.9 Summary
The analysis of the buckling behaviour under multiaxial stress states is conducted by
means of numerical parametric studies on the validated numerical models. Since the
stress ratio has a decisive impact on the failure mode, as also observed during the ex-
perimental investigations, several initial imperfection shapes are applied in order to aim
at a lower safe-sided bound for the results and to avoid suppressed failure mode tran-
sitions. The parametric study itself is conducted using the ABAQUS-intern Python
interpreter [105] and a parametrised model where the respective parameters and imper-
fections are applied using Matlab subroutines.
The results for plates subjected to tension–compression are presented and compared
for several boundary conditions and panel aspect ratios. Suppressed mode transitions
can be observed and are presented exemplarily on a square plate. If a one half-wave
imperfection is applied an increased resistance is gained, which drops suddenly if the
tension-compression ratio becomes higher so that finally for further investigations the
lower envelope of the results using several imperfection shapes is considered. Boundary
conditions show to have mainly an influence on the resistance for predominant uniaxial
compression. With increasing tension the differences vanish, so that a simplified expres-
sion is presented to estimate if a multiaxially loaded panel is subjected to plate buckling
independently from the boundary conditions. The investigations on long plates are sub-
divided into plates loaded with compression on the short edges and plates loaded with
compression on the long edges. The plates loaded with compression on the short edges
show to be already covered by the investigations on square plates, while plates loaded
with compression on the long edges show higher reductions as column-like behaviour
play a role. The decisive imperfection shape in this case is a one half-wave mode.
In order to analyse the effect of tensile as well as compressive stresses on shear buck-
ling, further parametric studies are conducted. Since in practical cases shear loads
usually act together with bending, the effect of stress gradients is taken into account
in the investigations. For plates subjected to shear and predominantly tension a pro-
nounced beneficial effect from tensile stresses is observed, especially for ψ ≥ 0. In case
of plates subjected to shear and predominantly compression the shape of the interac-
tion curves from the numerical results show a stronger influence of direct stresses on
the shear resistance than vice versa. While for uniaxial compression the shape of the
interaction curves shows to be independent from the plate slenderness, in case of stress
gradients the slenderness has an influence.
Further numerical investigations focus on the buckling behaviour of stiffened plates
subjected to biaxial compression. Several combinations of imperfections are therefore
applied to the numerical model according to Annex C, EN 1993-1-5 [36]. The inve-
stigations take into account several values for slenderness, panel aspect ratio, stiffness
of the stiffener as well as number of the stiffeners. The results highlight the sensitivity
of stiffened plates subjected to biaxial compression in case of weak stiffeners, where pro-
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nounced reductions occur. Similar findings are also found for long plates, where global
buckling might become decisive for transverse stress, while for smaller aspect ratios usu-
ally local buckling occurs even for weak stiffeners. For certain cases local buckling is
found for uniaxial compression in both directions, while global buckling occurs in the
interaction domain concluding that a “general separation of the load cases” for stiffened
plates does not seem to be reasonable, as deviating forces may lead to a global failure,
see Fig.5.30.
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6.1 General
The results from the numerical simulations presented in the foregoing Sec.5 are compared
to the current design rules according to EN 1993-1-5 [36] in Sec.6.2. The comparisons
of the numerical results to the current design rules show some shortcomings, which are
therefore improved by a modified design proposal in Sec.6.3. In Sec.6.4 a statistical
evaluation according to EN1990 [34] is conducted for determining a partial factor.
6.2 Comparison of the numerical results with the
current design rules
6.2.1 Overview
The comparisons are subdivided in unstiffened plates subjected to direct stresses in-
Sec.6.2.2, where the effect of tension stresses on the buckling behaviour for the mul-
tiaxial stress state tension–compression is investigated. The numerical results for the
influence of compression, tension as well as bending on shear buckling are compared
to the current design rules in Sec.6.2.3. Finally the results for biaxially compressed
stiffened plates are treated in Sec.6.2.4.
In order to keep the volume of this section manageable, only selected cases are shown
and reference is made to Sec.C in the Annex for the remaining cases.
6.2.2 Plates subjected to direct stresses
The numerical results are compared to the current design rules described in detail in
Sec.2.4.2 using the buckling coefficient as shown in Eq.(2.6) and Fig.2.2 for considering
tension stresses for the determination of the slenderness, see Fig.2.16. The interaction
curves for BC-A therefore correspond to Fig.2.19. The numerical results with BC-B and
BC-C are compared using a buckling curve generated from Fig.4.22 and the buckling
curve from Annex B, EN 1993-1-5 [36] respectively as identified in Sec.4.6.4.2. For the
definition of the boundary conditions see Fig.4.19.
Generally, the results on plates subjected to direct stresses are subdivided into square
and long plates, since the buckling behaviour is a different one due to column–like
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behaviour. To keep this section readable, it is decided to include only the investigations
on BC-C here and to move the results for the other boundary conditions to Sec.C.1 in
the Annex.
Square plates
The comparison on square plates is presented in Fig.6.1 for BC-C and in Fig.C.1
and Fig.C.2 for BC-A and BC-B. It is noticeable that in general the influence of tensile
stresses on the buckling behaviour matches quite well. The intersection with the von
Mises criterion takes place at the same interaction angle Θ for the design as well as
for the numerical simulations. However, for the area in between some lower results are
found, whereby the current design rules would lead to an overestimation of the buckling
resistance, if tensile stresses would be applied in the design procedure. Generally, similar
results are found in principle for all regarded boundary conditions, so that it can be
concluded that a common approach may be deduced independently from the boundary
condition, which is advantageous for the practical design.
Another observation from the direct comparison is the absence of any sharp bends
for the results from the numerical simulations, while the interaction according to EN
1993-1-5 [36] shows pronounced bends in the curve progression. These typical bends
result, as already mentioned in Sec.2.4.2, from the peaks between the “garland”–curves
for determining the buckling factor, which are very pronounced for the case of tension–
compression, see Fig.2.2. As these peaks lead to higher buckling factors and in turn
to lower slenderness, in that areas the mentioned sharp bends can be observed. The
comparison shows clearly the necessity of improving the design procedure in order to
take into account the positive effect of tensile stresses, while still assuring safe-sided
results.
Long plates
Fig.6.2 shows the comparison of the current design rules according to EN 1993-1-
5 [36], assuming the positive effect of tensile stresses, to the numerical results on BC-
C. The results for boundary conditions BC-A and BC-B are shown in Fig.C.6 and
Fig.C.7. Although the current design rules are found to be lower for BC-A and BC-B,
the graphs clearly show that the “offset” is variable over the interaction range, leading
to a safety variation. However, the interaction curves should generally follow the shape
of the numerical results, so that the procedure works independently from the boundary
conditions. Furthermore, e.g. a later change of the buckling curves for the reference
strengths could lead to a shift of the curves, where possible unsafe results may be gained.
In the opinion of the author, therefore it is important that the design procedure should
not only lead to safe-sided results, but also follow qualitatively the numerical results in
order to guarantee a general applicability and future-oriented procedure.
In contrast to the results for BC-A and BC-B the comparison for BC-C in Fig.6.2
shows lower results almost continuously over the whole range, even for pure compression.
This was also observed by Braun [11] when investigating the case of biaxial compression
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f) b/t = 250
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
-1.2 -1 -0.8 -0.6 -0.4 -0.2  0
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
von Mises
w0 = b/200
w0 = b/420
EC3-1-5 (An.B)
σx/fy [-]
σ
z
/f
y
[-
]
Figure 6.1: Comparison of the numerical results with the current design rules in EN 1993-
1-5 [37] based on Annex B, (BC-C, α = 1, all edges hinged and free to move in
plane, decisive imperfection).
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on long plates but the issue was not further addressed. Investigations conducted by
Seitz [101] also led to similar conclusions and proposed a modified interpolation formula
(see Eq.(2.34)) for column–like behaviour in order to take into account this effect, see
Sec.2.5.7.
Additionally to the “wrong starting point” of the curves for BC-C, the shape of the
curves according to EN 1993-1-5 [36] seem to be even more differing from the numerical
results than it was the case for BC-A and BC-B, leading to the conclusion that a
distinction of cases is needed to come to appropriate and also economic results.
6.2.3 Plates subjected to direct and shear stress
The comparisons on plates subjected to direct and shear stress for predominant tension
are presented in Fig.6.3 for ψ = 1 (pure tension) and in Fig.6.4 for ψ = −0.5. For pre-
dominant compression the results are compared in Fig.6.5 for ψ = 1 (pure compression)
and in Fig.6.6 for ψ = −1 (pure bending). The remaining comparisons are arranged in
Sec.C.2 in the Annex for the sake of completeness.
The comparison of the numerical results for tension–shear (ψ = 1) with the current
design rules show a good agreement. Therefore, currently there seems to be no need
for a modification of the design rules for this case, as the effect of tensile stresses is
represented correctly. In Fig.6.4 the comparison is made with a stress gradient for the
direct stresses exemplarily for ψ = −0.5. Therefore the two possible interpretations A
and B are adopted as discussed in Sec.2.4.2 and Fig.2.26. The results using interpretation
A, where the buckling check is conducted on the point with the maximum stresses, lead
to more conservative results compared to interpretation B, where a distinction of cases
is done between buckling and yielding, see Fig.2.26. The comparison of the numerical
results to both interpretations lead to the conclusion that interpretation B, which is
only slightly more time-consuming than interpretation A, gives more economic results
following the numerical results very closely. The check for interpretation B consists per
se of a buckling check and an additional yielding check. Anyway, this theoretically allows
for considering webs to partly plastify, which is formally not possible using interpretation
A.
For the case of interaction between compression and shear, the results for pure com-
pression (ψ = 1) show a good agreement between numerical simulations and the design
rules according to EN 1993-1-5 [36], see Fig.6.5. The interaction curve follows the nu-
merical results very closely, only for the stocky plate (b/t = 45) some overestimation
is found, which was also observed in case of biaxial compression by Braun [11], as
here the plate is more sensitive to the applied amplitude of imperfection. Especially for
stocky plates the question arises what is a reasonable imperfection amplitude for nu-
merical simulations. Nevertheless, the comparison shows that the code generally gives
appropriate results and can be regarded as suited for plates under compression–shear.
The numerical simulations in case of bending and shear with predominant compression
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f) b/t = 250
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Figure 6.2: Comparison of the numerical results with the current design rules in EN 1993-
1-5 [37] based on Annex B, (BC-C, α = 3, all edges hinged and free to move in
plane, compression applied on long edge).
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Figure 6.3: Comparison of the numerical results with the current design rules in EN 1993-1-
5 [37], (BC-A, ψ = 1, α = 2, all edges hinged).
(σc ≥ σt) are shown exemplarily for ψ = −1 in Fig.6.6. The other comparisons are shown
in Sec.C.2 in the Annex. As the recalculation of the buckling curves in Sec.4.6.4.2 has
shown a very good agreement of numerical simulations and the buckling curves from
DIN 18800-3 [22] in case of bending, the comparisons in case of bending interaction
with shear are presented using both the buckling curves from EN 1993-1-5 [36] and
from DIN 18800-3 [22] (denoted as “DC” in the diagrams). The buckling curves from
DIN 18800-3 [22] have been presented in Tab.2.4. The interaction curves according to
EN 1993-1-5 [36] show good results in case of interaction. However, when approaching
pure direct stresses, the curves show to be conservative and point out a potential for
improvement. If the curves from DIN 18800-3 [22] are adopted, the results for pure
bending match with the numerical simulations, but the interaction is overestimated.
This leads to the general conclusion that the code as it is leads to appropriate results.
Using the curves from DIN 18800-3 [22] could exploit the shown potential, but needs a
modification of the current design formulation.
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Figure 6.4: Comparison of the numerical results with the current design rules in EN 1993-1-
5 [37], (BC-A, ψ = −0.5, σt > σc, α = 2, all edges hinged).
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Figure 6.5: Comparison of the numerical results with the current design rules in EN 1993-1-
5 [37], (BC-A, ψ = 1, α = 2, all edges hinged).
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Figure 6.6: Comparison of the numerical results with the current design rules in EN 1993-1-
5 [37], (BC-A, ψ = −1, α = 2, all edges hinged).
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6.2.4 Stiffened plates under biaxial compression
The numerical results on stiffened plates under biaxial compression are compared to
the interaction curves according to EN 1993-1-5 [36] exemplarily for the case of one
stiffener and α = 1 in Fig.6.7. The other comparisons are arranged in Sec.C.3, see
Annex. The numerical results are compared with EN 1993-1-5 [36] with and without
the application of the V-factor according to Braun [11]. Generally, it can be noticed
that the interaction curves using the V-factor also for stiffened plates lead to a more
appropriate behaviour. Not applying the factor leads to large overestimations of the
resistances in almost all cases, while the curve with V-factor follows the numerical
results quite well. Even for the weak stiffeners, where global buckling becomes decisive,
the rather linear characteristics of the numerical results are followed by the interaction
curves. However, it should be noted that the use of weak stiffeners leads to a very
strong interaction, which should be avoided in practice. Nevertheless, weak stiffeners
may especially occur for the recalculation of existing bridges. For the medium and
stronger stiffeners a good match between numerical simulations and the interaction
curve is found, confirming that the application of the mentioned V-factor is appropriate
for stiffened plates.
Furthermore, an overestimation of the resistance in transverse direction is observed in
almost all cases. The overestimation takes place where column–like buckling behaviour
plays a role and was already observed for unstiffened plates in Sec.6.2.2 and by Seitz
[101] and Braun [11].
The resistances according to Chapter 10, EN 1993-1-5 [36] with and without the
V–factor are put against the numerical simulations in Fig.6.8, which show that not
applying the V–factor leads to unsafe results with resistances up to 50% above the
numerical simulations. Furthermore, a large variation of the ratio is observed. By use of
the V–factor the ratio is smoother but still containing visible scattering. The peaks with
higher results are, as mentioned above, the results for predominant transverse stresses
where column–like behaviour occurs.
Influence of the interpolation between column and plate buckling
Since the comparison of the numerical simulations to the design rules reveals that for
transverse stresses the resistance is systematically overestimated, it seems likely that a
modification of the formulation for the interpolation could overcome this issue. Another
possibility to adjust the reference strengths would be to change the buckling curves,
which is not further investigated in the frame of this work.
Regarding the interpolation of plate–like and column–like buckling behaviour Seitz
[101] proposed a modified formulation, see Sec.2.5.7. It should be noted that the refor-
mulation was derived on the basis of unstiffened plates. However, for the sake of com-
parison the proposal is applied exemplarily in transverse direction for stiffened plates in
Fig.6.9. The results show that the interpolation by Seitz [101] lead to lower resistances,
which is a logical consequence from Fig.2.34.
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Figure 6.7: Comparison of numerical results with current design rules for stiffened plates
loaded with biaxial compression, (α = 1, n = 1, b/t = 65, 100, 150 and 250).
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Figure 6.8: Influence of V–factor on the resistance according to EN 1993-1-5, Ch. 10 in
comparison to the numerical simulations (α = 1, n = 1).
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Figure 6.9: Comparison of numerical results with design rules using the V-factor and the
Seitz–approach [101] for stiffened plates loaded with biaxial compression, (α = 1,
n = 1, b/t = 65, 100, 150 and 250).
The results show that the modification of the interpolation is the right step in solving
the mentioned issue for transverse stresses. The formulation derived by Seitz [101] for
unstiffened plates is also applied in the frame of this work for unstiffened plates, leading
to appropriate results compared to the current formulation, see Sec.6.3.2. However, the
proposed interpolation applied on stiffened plates shows still unsafe results leading to
the conclusion that the formulation needs some recalibration for the case of stiffened
plates, which is supported by the author but not within the scope of this work.
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6.3.1 Proposal
As shown in the foregoing sections the current design procedure may lead to resistances
above the results from numerical simulations for multiaxially loaded plates. The numer-
ical investigations have shown inconsistencies for the case of unstiffened plates subjected
to tension–compression, where an enhancement of the V–factor is proposed in order to
solve this issue. Furthermore, the investigations on plates subjected to tension and shear
have shown that the current design procedure follows the numerical simulations prop-
erly, so that a modification in this case is not necessary. For the case of compression or
bending and shear the current design procedure gives also safe results. However, recal-
culations of the buckling curves for bending show that the current buckling curves give
quite conservative results, whereas the buckling curves according to DIN 18800-3 [22]
match well with the numerical simulations, see Sec.4.6.4.2. Comparisons in Sec.6.2.3
show that, if the buckling curves according to DIN 18800-3 [22] are adopted, the numer-
ical results approaching the case of pure bending match better to the design procedure,
but in the interaction domain resistances may occur, which are above the results from
numerical simulations. As the shape of the interaction curves show a dependency from
the slenderness, for the case of bending–shear a modification of the exponent e3 is pro-
posed, which has a direct influence on it.
The general formulation for the interaction formula is shown in Eq.(6.1). According
to EN 1993-1-5 [36] the exponents e1, e2 and e3 are all set to 2 and V = 1. The proposed
exponents and the V–factor are shown below the equation. The exponents e1 and e2
remain the same as before, while for e3 a modification is proposed to account for the
interaction case of bending–shear in order to obtain appropriate results when adopting
the more favourable buckling curves from DIN 18800-3 [22]. Aiming at a harmonised
format the proposed formulation of the exponent e3 is oriented to EN 1993-1-6 [38].
However, it is noted here that according to EN 1993-1-6 [38] the determination of the
slenderness values is conducted for each direction separately. The V-factor proposed by
Braun [11] is modified for the case tensile stresses are acting. As the numerical simu-
lations for long plates show that in transverse direction, where in practical cases usually
deformable boundary conditions are present, the beneficial effect of tensile stresses is
overestimated more than for the other boundary conditions, the formulation of the V-
factor contains a dependence on the weighting factor ξz for column–like behaviour taking
also into account the interpolation according to Seitz [101].
(
σx
ρc,x · fy
)e1
+
(
σz
ρc,z · fy
)e2
−V ·
(
σx
ρc,x · fy
)
·
(
σz
ρc,z · fy
)
+
(√
3 · τ
χw · fy
)e3
≤ 1 (6.1)
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where: e1 = e2 = 2
e3 = 1.25 + 0.75 · χ2w for the general case,
(if the reduction factor ρx is determined with the
buckling curves from DIN 18800-3 [22], else e3 = 2)
e3 = 2 if σx and/or σz are/is tension or pure compression
V = ρc,x · ρc,z , if σx and σz are both compression [11]
V = 1/(ρc,x · ρ2−ξzc,z ) if σx and/or σz are/is tension
ρc,x is the reduction factor for longitudinal stress
from Table 1, DIN 18800-3 [22]
or Sec. 4.5.4(1), EN 1993-1-5 [36]
taking into account column–like
behaviour where relevant
ρc,z is the reduction factor for transverse stress
from Annex B, EN 1993-1-5 [36] taking into account
column–like behaviour where relevant
χw is the reduction factor for shear stress
from Sec. 5.3(1), EN 1993-1-5 [36]
Tab.6.1 shows a summary of different definitions for the exponent e3. The new
proposal is recommended for the case of bending–shear, if the buckling curves according
to DIN 18800-3 [22] are adopted. Otherwise, if the buckling curves according to EN 1993-
1-5 [36] are kept, the current exponent e3 = 2 is regarded as sufficient, see Sec.6.2.3. An
overview is given in Tab.6.2.
The peaks of the buckling coefficient, which have been discussed in Sec.2.2.2 are
not taken into account as also proposed already by Lindner & Rusch in [74], since
the increased resistances that would result are not observed neither in reality nor for
numerical simulations. Furthermore, for the interpolation of plate–like and column–like
behaviour for transverse stresses the proposal from Seitz [101] presented in Sec.2.5.7
is adopted, as the current formulation shows shortcomings in case of deformable edge
boundary conditions, see Fig.6.2. For a better overview the interpolation for taking into
account column–like behaviour in transverse direction according to Seitz is given once
more in Eq.(6.2).
ρc,z = χc,z + (ρz − χc,z) · f (6.2)
where: f = λ¯−0.5p · ln (ξz + 1)0.9 and ξz = σcr,p,zσcr,c,z − 1
The comparisons are conducted for different boundary conditions in order to separate
their influence from the interaction criterion as the reference strengths are used. Further-
more, the proposal aims at fulfilling the criteria postulated by Scheer & No¨lke [96]
for a further development of a “generalised equivalent stress design”, see Sec.2.4.1.
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Table 6.1: Different definitions for exponent e3.
Factor e3 according to labeling
e3 = 2 EN 1993-1-5 [36] -
e3 = 1 + κx · κz · χ2τ DIN 18800-3 [22] V1
e3 = 1.5 + 0.5 · χ2τ EN 1993-1-6 [38] (general case) V2
e3 = 1.75 + 0.25 · χτ EN 1993-1-6 [38] (cylindrical shell) V3
e3 = 1.25 + 0.75 · χ2w new proposal NEW
Table 6.2: Overview for exponent e3 in case of bending.
Buckling curves Buckling curves
according to DIN 18800-3 [22] according to EN 1993-1-5 [36]
Formulation ρ = c ·
(
1
λ¯p
− 0.22
λ¯2p
)
≤ 1 ρ = λ¯p−0.055·(3+ψ)
λ¯2p
≤ 1.0
where c = 1.25− 0.25 · ψ ≤ 1.25
e3 = 1.25 + 0.75 · χ2w 2
6.3.2 Plates subjected to direct stresses
The comparison of the improved design rules is conducted in the following with the
numerical simulations from Sec.5 and subdivided again for square and long plates to
assess the influence of column–like behaviour. In order to keep this section readable,
only the results for boundary condition BC-C are arranged here, while BC-A and BC-B
can be found in Sec.D.1 in the Annex.
Square plates
Fig.6.10 shows the comparison of the new proposed design procedure and the nu-
merical simulations for boundary condition BC-C. It can be noticed that the proposed
interaction curves follow the numerical results so that the positive effect of tensile stresses
can be taken into account for the design procedure. The comparisons for boundary con-
ditions BC-A and BC-B are presented in Fig.D.1 and Fig.D.2. The figures also show a
good match between the proposed interaction curve and the numerical results, so that
the proposal seems to work independently from the boundary conditions.
From the comparisons of the numerical simulations to the improved design rules it
can be concluded that the proposal performs well for all regarded boundary conditions
allowing for a safe reliable design of slender plates for the whole parametric range.
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e) b/t = 250
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Figure 6.10: Comparison of the numerical results with the new proposal based on Annex B,
(BC-C, α = 1, all edges hinged, decisive imperfection).
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Long plates
The comparison for long plates with BC-C is presented in Fig.6.11. As in case of
column–like behaviour the comparison of the numerical results to the current rules
shown in Sec.6.2.2 revealed a more sensitive behaviour of plates with the not restrained
boundary condition BC-C, a distinction of cases is introduced by the exponent for ρz
of (2 − ξz) in the definition of the V-factor, see Eq.(6.1). Since in x–direction usually
restrained boundary conditions are present, the exponent is applied only for the trans-
verse direction, where the edge is idealised as free to move in–plane. The proposed
interaction curves in Fig.6.11 show a good agreement with the numerical simulations.
In addition to the new proposal, the curves without the application of the mentioned
exponent are shown and denoted as “NEW*” in Fig.6.11 as comparison.
The results for boundary condition BC-A and BC-B are presented in Fig.D.6 and
Fig.D.7 in the Annex. It can be seen that the new proposal performs well for all cases
so that the effect of tensile stresses can be accounted for also for plates where column–
like behaviour becomes decisive. It is noted here that the mentioned interaction curves
already include the proposal from Seitz [101].
6.3.3 Plates subjected to direct and shear stress
As shown in Fig.6.5 the current design procedure gives appropriate results for the case
of interaction of shear and pure compression (ψ = 1), so that in this case and also for
the tension–shear interaction an exponent of e3 = 2 is recommended. However, for the
sake of completeness the interaction curves for the exponent e3 according to Tab.6.1
are presented in Fig.6.12 showing in all cases safe results but a rather conservative
characteristic for the new proposal, which is calibrated for the case of bending–shear,
see Fig.6.13.
The comparison of the numerical results and the interaction curves for the case of
bending–shear is presented in Fig.6.13. The interaction curves are calculated using the
buckling curves according to DIN 18800-3 [22], which in case of ψ 6= 1 match better to
the numerical simulations than the buckling curves according to EN 1993-1-5 [36], see
Sec.4.6.4.2. The new proposal follows the numerical results properly in case of ψ = −1
as well as for the other regarded cases, see Sec.D.2 in the Annex. Therefore, also for
plates subjected to direct and shear stress, the proposal leads to reliable results. A
direct comparison of the current design rules according to EN 1993-1-5 [36] and the
new proposal is given for ψ = −1 in Fig.6.14. It can be seen that in case of dominant
shear stresses the new proposal gives marginally more conservative results due to the
different exponent e3. However, the differences can be regarded as insignificant in the
opinion of the author. For the sake of completeness a comparison of the interaction
curves using e3 = 2 with the reduction curves for direct stresses from DIN 18800-3 [22]
and EN 1993-1-5 [36] are given in Sec.6.2.3 and Sec.C.2 in the Annex.
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Figure 6.11: Comparison of the numerical results with the new proposal, (BC-C, α = 3, all
edges hinged, compression applied on long edge).
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Figure 6.12: Comparison of the numerical results with the different approaches for factor e3,
(BC-A, ψ = 1, α = 2, all edges hinged).
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Figure 6.13: Comparison of the numerical results with the different approaches for factor e3,
(BC-A, ψ = −1, α = 2, all edges hinged).
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Figure 6.14: Comparison of the numerical results with the current formulation according
to EN 1993-1-5 [36] and the new proposal, (BC-A, ψ = −1, α = 2, all edges
hinged).
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6.4 Statistical evaluation of the improved design rules
6.4.1 General
As for the structural design the resistance is calculated as a design value considering
several uncertainties, a statistical evaluation of the new proposal is conducted to verify
the reliability. EN1990 [34] contains the basis of structural design according to the
Eurocodes and gives detailed information on how to conduct statistical analyses. The
determination of the partial factor is described in EN1990, Annex D [34] and gives
generally two methods:
• Statistical determination of a single property (Annex D, Chapter 7),
• Statistical determination of resistance models (Annex D, Chapter 8).
The first method gives details on deriving design values for a single property such as
the strength as the only statistical variable. EN1990 [34] presumes for the application
of this method specific tests to establish directly the ultimate resistance or serviceabil-
ity properties for given loading conditions. Furthermore, the procedure is suitable for
tests to obtain specific material properties using specified testing procedures. Since the
requirements for the application of the first method are not fulfilled, in the frame of this
work the more general procedure according to EN1990, Annex D.8 [34] is adopted. This
method considers the influence of the variation of parameters that are not covered by
the numerical simulations. In the following the procedure is described as in EN1990 [34]
step by step.
6.4.2 Statistical determination using the resistance model method
In EN1990, Annex D.8 [34] the procedure for the statistical evaluation is subdivided
into seven steps. Ko¨vesdi [58] as well as Sinur [106] added one more step for the
determination of VFEM . Ko¨vesdi [58] additionally handled the material properties
separately, which is also adopted within this work and in accordance to the principles
of EN1990 [34], see Fig.6.15. In the following, the single steps for the determination of
the partial factor are shown including exemplarily the procedure for the case of tension–
compression of square plates.
Step 1: Develop a design model
A theoretical resistance model has to be developed, which corresponds to the numer-
ically obtained results and is a function of independent variables X , see Eq.(6.3). The
theoretical model has been presented in Sec.6.3 and is evaluated in the followings.
rt = grt(X) (6.3)
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Model uncertainty in structural resistance Uncertainty in material properties
γRd γm
γM
Figure 6.15: Relation between individual partial factors on the action side according to
EN1990 [34].
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Figure 6.16: re − rt diagram (Tension/Compression).
Step 2: Compare experimental and theoretical values
The numerical results are used for representing the experimental values (re) and now
compared against the theoretical values (rt) in a diagram, to check if the resistance model
performs well and to exclude any systematic errors in the resistance function. If the
resistance function is exact and complete, all the points should lie on the bisecting line.
However, in practice the points usually scatter somehow. Fig.6.16 shows exemplarily
the re − rt diagram for the aforementioned case. The other relevant diagrams have also
already been shown in the respective chapter along with the interaction curves.
Step 3: Estimate the mean value correction factor b
As mentioned in step 2, in practice the points are usually located at a gradient
different than Θ = 45◦ which is taken into account with the parameter b calculated with
the least square method:
b =
∑
i rei · rti∑
i r
2
ti
= 1.0104 (6.4)
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Step 4: Estimate the coefficient of variation of the errors
The error term for each value is determined using the mean value correction factor
from step 3. Afterwards, the following procedure is followed to eventually determine the
coefficient of variation of the model.
• Error term for each value:
δi =
rei
b · rti (6.5)
• Logarithm of the error terms:
∆i = ln(δi) (6.6)
• Mean value of logarithm of the error terms:
∆ =
1
n
n∑
i=1
∆i = 0.0064 (6.7)
• Standard deviation of the error terms:
s2∆ =
1
n− 1
n∑
i=1
(∆i −∆)2 = 0.0027 (6.8)
• Finally, the coefficient of variation of the error terms is defined as:
Vδ =
√
exp(s2∆)− 1 = 0.0517 (6.9)
Step 5: Analyse compatibility
The analysis of the compatibility has two main objectives. One is in case of the scatter
being too high to give economical design resistance functions, where the design model
needs to be corrected or b and Vδ to be modified by dividing the total test population
into appropriate sub-sets. The second aim is to determine the influence of important
parameters on the scatter by rearranging the results also into sub-sets and comparing
the mean values and the coefficient of variation. Since in the foregoing chapters the
results have been presented separately for each b/t ratio and several boundary conditions
graphically, the compatibility of the resistance function was already successfully checked.
However, for the sake of completeness the variation of the error terms is calculated
for the different boundary conditions and summarised in Tab.6.3, showing that in all
cases the value is very small and similar. For BC-B even an extremely small variation
coefficient is found, which is quite logical, since the reference strength for uniaxial load-
ing is based on numerical calculations, showing that in this case the resistance model
performs almost perfectly.
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Table 6.3: Variation of the error terms for the different boundary conditions.
Boundary condition Vδ
BC-A 0.0570
BC-B 0.0186
BC-C 0.0446
Table 6.4: Variation coefficients of the basic variables according to [51].
Coeff. of variation
Thickness t 0.05
Plate width b 0.005
Step 6: Determine the coefficients of variation VXi of the basic variables
Since the scatter effects of basic parameters may not be represented by the test
population, prior knowledge is needed for the determination of the variation. In the
commentary on EN 1993-1-5 [51] the values for Vt and Vb are given, see Tab.6.4. This
approach has already been adopted by Gabeler [44], Ko¨vesdi [58], Sinur [106] and
Timmers [110] and is applied also for the present work.
Ko¨vesdi [58] additionally conducted the statistical evaluation using variation coeffi-
cients from JCSS [52], where the deviation characteristics are given as shown in Eq.(6.10)
and Eq.(6.11). Timmers [110] pointed out that the given deviations there seem to be
too high for slender plates, so that he proposed a smaller standard deviation in this
case. However, for the statistical evaluation in the end the values from [51] were used.
Furthermore, it should be noted here that the values given in JCSS [52] are based just
on some preliminary results obtained for hot rolled I-profiles (IPE 80 to 200) in Czech
Republic, see [40]. Therefore, it is questionable if these values can be directly transferred
to other cases, so that this work sticks on the approach given in [51].
• Mean value:
−1.0mm ≤ Xm ≤ +1.0mm (6.10)
• Standard deviation:
sx ≤ 1.0mm (6.11)
Step 7: Determine the coefficient of variation VFEM of the FE model
To cover numerical uncertainties, the coefficient of variation VFEM of the FE model
is determined based on the recalculation of the buckling curves from Sec.4.6.4.2 and the
experimental investigations presented in Sec.4.4. Therefore steps 1 to 5 are repeated
leading to the variation coefficients given in Tab.6.5 and to VFEM = 0.0449.
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Table 6.5: Variation coefficients of the FE model.
BC ψ VFEM
A +1.0 0.0449
A +0.5 0.0287
A 0 0.0346
A −0.5 0.0116
A −1.0 0.0216
C +1.0 0.0355
Tests +1.0 0.0362
Step 8: Determine the partial factor
In a next step the coefficient of variation of the whole resistance model is then cal-
culated with Eq.(6.12).
V 2r = (V
2
δ + 1) ·
[
j∏
i=1
(V 2Xi + 1)
]
· (V 2FEM + 1)− 1 = 0.0072 (6.12)
Based on the coefficient of variation of the whole resistance model the auxiliary
variable Q is calculated according to Eq.(6.13).
Q =
√
ln(V 2r + 1) = 0.0847 (6.13)
The partial factor γRd is calculated according to Eq.(6.14) using the characteristic
resistance rk and the design resistance rd, which can be calculated for a large number of
tests (n ≥ 100) according to Eq.(6.15). Finally, the corrected factor γ⋆Rd is determined
using the mean value correction factor b.
γRd =
rk
rd
= 1.125 → γ⋆Rd =
γRd
b
= 1.113 (6.14)
rk = b · grt(Xm) · exp(−k∞Q− 0.5Q2)
rd = b · grt(Xm) · exp(−kd,∞Q− 0.5Q2) (6.15)
where: k∞ = 1.64
kd,∞ = αR · β = 0.8 · 3.8 = 3.04
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Step 9: Determine the partial factor γm for uncertainities in the material properties
As shown in Fig.6.15 the partial factor γM consists of a model uncertainity in struc-
tural resistance γRd and an uncertainity in material properties γm. The latter is deter-
mined according to Eq.(6.16) from [103].
γm =
fy,nom
fyd
=
fy,nom
fy,m · (1− 1.64 · Vfy)
(6.16)
where: fy,nom: nominal value of the yield strength
fy,m: mean value of the yield strength
Vfy: coefficient of variation of the yield strength
However, in literature several interpretations and approaches can be found. The most
frequently encountered ones are listed and described shortly in the following.
• Johansson et al. [51]
In [51] the relationships expressed in Eq.(6.17) are assumed for the nominal and the
mean value of the yield strength.
fy,m = 1.14 · fy,nom and Vfy = 0.07 (6.17)
By putting this relationship in Eq.(6.16) the partial factor for uncertainties in the
material properties is determined according to Eq.(6.18).
γm =
fy,nom
fyd
=
fy,nom
1.14 · fy,nom · (1− 1.64 · 0.07) = 0.9909 (6.18)
• Joint Committee on Structural Safety (JCSS) [52]
In [52] the JCSS gives the formulation shown in Eq.(6.19) for determining the mean
value of the yield strength. Ko¨vesdi [58] summarised the results for several steel grades
according to Tab.6.6. The recommendations are based primarily on European studies
from 1970 onwards. However, in [52] it is remarked that the given recommendations
may be used for steel grades up to 380N/mm2 and should not be used for high strength
steels (e.g. fy = 690N/mm
2). As Tab.6.6 shows, γm decreases with increasing fy,
which is in contradiction to statistical evaluations according to experiments conducted
by Simo˜es da Silva et al. [103].
fy,m = α · fy,nom · exp(−u · Vfy)− C (6.19)
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Table 6.6: Determination of γm according to the recommendations of the JCSS [52].
Steel grade fy,m γm
(fy,nom) N/mm
2
S 235 250.32 1.061
S 275 296.33 1.048
S 355 388.35 1.033
S 460 (509.14) (1.021)
S 690 (773.71) (1.008)
Table 6.7: Determination of γm according to Simo˜es da Silva et al. [103].
Steel grade n fy,m Vfy γm
(fy,nom) [-] N/mm
2
S 235 795 284.74 0.064 0.922
S 275 4333 316.23 0.055 0.956
S 355 1879 405.01 0.044 0.945
S 460 666 474.63 0.040 1.037
S 490 36 793.19 0.050 0.948
where: α = 1.0 : a spatial position factor
−1.5 ≥ u ≥ −2 : a factor related to the fractile of the distribution
used in describing the distance between the code
specified or nominal value and the mean value
(u = −2 is used by [58] and in the following)
C = 20N/mm2 : a constant reducing the yield strength as obtained
from usual mill tests to the static yield strength
• Simo˜es da Silva et al. [103]
Based on a large statistical evaluation of steel properties for S 235 up to S 690 con-
ducted on over 6 000 experimental data from all over the world, the findings were merged
in [103]. Since bi-normal distributions have been observed that cannot be described by a
uni-modal function, a linear regression was performed on the lowest part of the distribu-
tion, leading to new values for the mean, standard deviation and coefficient of variation,
see Fig.6.17. The main reason for this bi-normal distribution is the common practice of
downgrading of material, i.e. re-classifying higher grade steel to a lower grade if it fails
to meet the code specified values for the higher grade on the basis of quality control
tests, see [52]. Ko¨vesdi [58] summarised the outcomes according to Tab.6.7.
As the evaluation in [103] is based on real distributions from experiments and rep-
resenting the most sophisticated collection of data available to the author at this time,
the approach is also exemplarily adopted in the followings.
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Figure 6.17: Histogram of all results for S235 [103].
Step 10: Determine the partial factor γ⋆M1
Finally, the partial factor γ⋆M1 is calculated by the product of the model uncertainity
in structural resistance γ⋆Rd and the uncertainity in material properties γm according to
Eq.(6.20).
γ⋆M1 = γm · γ⋆Rd (6.20)
If the approach from Johansson et al. [51] for γm is adopted, then the final
reduction factor is determined to γ⋆M1 = 1.103. The results using the approaches from
JCSS [52] and Simo˜es da Silva et al. [103] are summarised in Tab.6.8.
From the evaluation of the partial factor γ⋆M1 for plates subjected to tension–compres-
sion it is noticeable that different approaches may lead to significantly different results.
However, if the approach for γm according to Eq.(6.18) is adopted, the results justify
the use of a value of γM1 = 1.1.
The same procedure as described before is conducted also for the other investigated
cases such as tension–compression where column-like behaviour occurs, tension–shear,
compression–shear as well as biaxial compression for stiffened plates. The results are
summarised in Tab.6.9. It can be seen that the required partial factors justify the use of
γM1 = 1.1 for the investigations on unstiffened plates. The determination of the partial
factor for stiffened plates subjected to biaxial compression is conducted for the case of
191
6. Improved design rules
Table 6.8: Comparison of γ⋆M1 using the γm approaches from JCSS [52] and Simo˜es da Silva
et al. [103].
Steel grade γ⋆M1 γ
⋆
M1
(fy,nom) (γm acc. to [52]) (γm acc. to [103])
S235 1.181 1.026
S275 1.166 1.064
S355 1.149 1.052
S460 (1.136) 1.154
S690 (1.122) 1.055
Table 6.9: Determination of γ⋆M1 for regarded cases.
Description γ⋆M1
(γm acc. to Eq.(6.18))
tension–compression 1.103
tension–compression (column-like behaviour) 1.056
tension–shear 1.077
compression–shear 1.098
biaxial compression without V–factor (stiffened plates) 1.334
biaxial compression with V–factor (stiffened plates) 1.152
α = 1 and n = 1, as shown in Fig.6.7. Even though the interaction curves in Fig.6.7
show already directly that not applying the V–factor may lead to unsafe results and
that the curves do not qualitatively match to the simulations, a statistical evaluation is
conducted nevertheless, resulting in a partial factor of γ⋆M1 = 1.334. The application of
the V–factor as proposed by Braun [11] shows in Fig.6.7 that more proper results are
gained and the partial factor is determined to γ⋆M1 = 1.152. The factor is still larger
than 1.1, but a notable reduction is obtained.
Additionally, a determination of the partial factor without a separation of γRd and γm
but including the coefficient of variation Vfy = 0.07 according to Eq.(6.17) in step 6 of
the procedure is conducted for plates subjected to tension–compression. This approach
leads to a required partial factor of γ⋆M1 = 1.154, which is higher than 1.1. Anyway, this
value seems too conservative, as the evaluation of the interaction curves in the foregoing
sections has shown a very good matching of the numerical and the theoretical values,
so that a logical consequence to “reduce” the partial factor would be to change the
buckling curves, which is not intended here. Another possibility would be to split the
data into sub-sets or to conduct more sophisticated statistical evaluations, where the
values of the coefficients of variations are e.g. dependent on the slenderness. As this
goes beyond the scope of this work, this possibility is not further pursued here.
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6.5 Summary
The comparison of the numerical simulations to the current design rules shows the
reasonability of taking into account the positive effect of tensile stresses. However, for
the tension–compression domain cases are observed where the current formulation shows
overestimations of the resistance and a large scatter for statistical comparisons. For the
interaction curves sharp bends are found but not observed numerically. The sharp
bends are caused by the peaks present in the calculation of the buckling coefficient. As
also recommended by Lindner & Rusch [74], the peaks in the determination of the
buckling coefficient should not be taken into account. In order to improve the current
formulations due to the above mentioned shortcomings a modified V–factor is presented
for the tension–compression domain. Furthermore, for the boundary condition BC-C
(edges free to move in–plane) the resistance is found to be overestimated when column–
like behaviour plays a role. This was already observed by Seitz [101], who proposed a
modified formulation for the interpolation between plate–like and column–like behaviour
in case of transverse stresses. The approach is adopted within this work for transverse
stresses resulting in an appropriate agreement between the interaction curves and the
numerical simulations.
For the case of plates subjected to direct and shear stress the comparison of the
current design rules to the numerical simulations leads to the conclusion that the pos-
itive effect of tensile stresses is already reflected properly, so that a modification is not
required. Additionally, the calculation of the resistance is done with and without a
separation of the yielding and the stability phenomena according to Fig.2.26 showing
that a separation of the phenomena leads to higher resistances and follows the numerical
results properly, while a joint treatment leads to more conservative results but facilitates
the design procedure by a small amount. For plates subjected to shear and compression
the current rules reflect the numerical simulations adequately as well. In case of shear
and bending with predominant compression the current rules are on the safe side, but
show to be quite conservative if the pure direct stress domain is approached. As the
recalculation of the buckling curves in Sec.4.6.4.2 shows that for the case of bending the
buckling curves according to DIN 18800-3 [22] follow closely the numerical simulations,
while the curves according to EN 1993-1-5 [36] are more conservative, the buckling
curves from DIN 18800-3 [22] are used additionally within the procedure for assessing
the interaction curves. The comparison of these interaction curves to the numerical
simulations shows that in the interaction domain some unsafe results are gained, so
that a modification of the exponent e3 in the design formula is proposed. However, this
approach can be regarded as an alternative to the current formulation. The use of the
current buckling curves for bending together with the current exponent e3 lead also to
appropriate results, but as mentioned above shows to be conservative if the pure direct
stress domain is approached.
The numerical simulations for stiffened plates subjected to biaxial compression are
compared to the current design rules with and without the V–factor pointing out the
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necessity for its application not only for unstiffened but also for stiffened plates. As also
observed by Braun [11] the resistance in transverse direction is overestimated. However,
while for unstiffened plates this issue is remediated using the proposed interpolation from
Seitz [101], for stiffened plates this is not fully appropriate.
Furthermore, for the sake of completeness the improved design rules are evaluated
statistically according to Annex D, EN 1990 [34] justifying the modifications in accor-
dance to the safety requirements.
In order to give a useful ready to hand tool to the practical engineer for conducting
buckling analyses according to the proposal within this work, interaction charts are
given in Sec.F in the Annex for a simplified procedure. Additionally the formulation
given in Eq.(5.3) may be used for a quick estimation of whether the plate is subjected
to buckling or not.
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7.1 Summary
The design of slender steel plated structures in Europe is conducted according to EN1993-
1-5 [36] where generally, apart from the possibility of using the Finite Element Method,
the design might be conducted according to the following two different methods: the
“effective width method” and the “reduced stress method”. The latter one is based on a
single plate slenderness and theoretically allows for calculating the resistance of plated
structures for almost any practical case, making it a general all-purpose procedure.
In the frame of this work the stability behaviour of slender steel plates subjected to
several multiaxial stress states was investigated, compared to the current design rules
using the reduced stress method and improved design rules were proposed. Therefore,
in the beginning of this work the fundamentals by means of elastic buckling under
multiaxial stress states were described as well as the postcritical behaviour, which are
both the basics of the reduced stress method. The design rules according to EN1993-
1-5 [36] were explained in detail pointing out the advantage in the assessment of the
resistance for multiaxially loaded plates using a single plate slenderness on the one
hand and on the other hand the possible misinterpretations due to shortcomings in the
phrasing of the current code rules. The design rules according to DIN 18800-3 [22] as
well as existing studies dealing with the issue of plates subjected to multiaxial loading
were presented and put into the context of this work.
Experimental investigations on stiffened and unstiffened steel panels were conducted
and recalculated with the Finite Element Method showing a good agreement between
the experiments and the numerical simulations. Based on a simplified numerical model,
which was validated using the known buckling curves, systematic numerical parametric
studies were conducted in order to analyse the buckling behaviour of plates subjected to
several multiaxial stress states. The numerical studies comprised investigations on un-
stiffened plates subjected to tension–compression, tension–shear, compression–shear and
bending–shear as well as the case of biaxial compression for stiffened plates. As observed
during the experimental investigations on plates subjected to tension–compression, mode
changes may occur, so that in the numerical investigations several imperfection shapes
were applied to the model aiming at a lower bond for the resistance and to avoid in-
creased values due to suppressed mode changes. The numerical investigations showed a
clear positive effect of the buckling behaviour due to tensile stresses. Since the influence
of the boundary conditions showed to vanish with increasing ratio of tensile and com-
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pressive stresses a simplified approach was presented to quickly evaluate if a multiaxially
loaded plate is subjected to plate-buckling. In practical cases shear loads usually act
together with bending, so that the effect of stress gradients was taken into account in
the investigations.
Furthermore, numerical investigations were conducted focusing on the buckling be-
haviour of stiffened plates subjected to biaxial compression. The investigations consisted
in a large parametric study for, besides the load ratio, also evaluating the influence of
several parameters such as e.g. the stiffness of the stiffeners. The numerical inve-
stigations showed that weak stiffeners lead to a very unfavourable buckling behaviour
even if the number is increased. In addition, cases were found where local buckling was
observed for uniaxial loading in both directions, while global buckling was observed for
the combined loading, leading to the conclusion that a completely separated treatment
of the load cases does not seem to be reasonable, as deviating forces may lead to a global
failure.
Finally, the comparison of the numerical simulations to the current design rules led
to a modification of the approach in order to have an improved procedure, which allows
for taking into account the positive effect of tensile stresses on the buckling behaviour
of slender plates. The modified approach is evaluated with the numerical simulations
graphically by the interaction diagrams as well as statistically using the procedure ac-
cording to Annex D, EN 1990 [33].
7.2 Outlook
The numerical investigations on longitudinally stiffened plates subjected to biaxial com-
pression within this work focused on the usage of open stiffeners. However, since for
plates stiffened with many stiffeners generally a stronger increase of the resistance was
observed for the numerical simulations than for the design rules, it would be of prac-
tical relevance to investigate this effect on plates stiffened with closed stiffeners where
clamping effects might even augment this effect. Furthermore, closed stiffeners usually
possess a higher relative stiffness, so that it would be interesting to investigate in how
far deviating forces play a role for the case of combined loading. For stiffened plates
under biaxial compression subjected to predominant transverse stress in some cases an
overestimation of the resistance was observed. While for unstiffened plates the approach
from Seitz [101] showed to overcome this issue, this is not always the case for stiffened
plates. Therefore, a recalibration of the interpolation between plate-like and column-like
behaviour seems to be reasonable.
To finally confirm the procedure for all kind of situations, investigations could be
conducted for unstiffened and stiffened plates subjected to the full interaction domain
including σx, σz and τ . A clarification for the application of initial imperfection on
stiffened plates would be interesting and could lead to clearer recommendations in Annex
C, EN 1993-1-5 [36] for the adoption of the Finite Element Method for buckling analyses.
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B Numerical interaction curves
B.1 Tension-Shear
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Figure B.1: Numerical results edges loaded with tension being constrained (BC-A, α = 2,
all edges hinged).
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Figure B.2: Numerical results for edges loaded with tension ψ = 0.5 being constrained (BC-
A, α = 2, all edges hinged).
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B.1 Tension-Shear
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Figure B.3: Numerical results for edges loaded with tension ψ = 0 being constrained (BC-A,
α = 2, all edges hinged).
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Figure B.4: Numerical results for edges loaded with tension ψ = −0.5 being constrained
(BC-A, α = 2, all edges hinged).
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B.2 Compression-Shear
B.2 Compression-Shear
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Figure B.5: Numerical results for short edges loaded with compression ψ = 1.0 being con-
strained (BC-A, α = 2, all edges hinged).
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B. Numerical interaction curves
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Figure B.6: Numerical results for edges loaded with compression ψ = 0.5 being constrained
(BC-A, α = 2, all edges hinged).
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B.2 Compression-Shear
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Figure B.7: Numerical results for edges loaded with compression ψ = 0 being constrained
(BC-A, α = 2, all edges hinged).
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B. Numerical interaction curves
a) b/t = 60
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 0  0.2  0.4  0.6  0.8  1  1.2
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
von Mises
w0 = b/200
w0 = b/420
σx/fy [-]
√ 3
·τ
/f
y
[-
]
b) b/t = 70
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 0  0.2  0.4  0.6  0.8  1  1.2
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
von Mises
w0 = b/200
w0 = b/420
σx/fy [-]
√ 3
·τ
/f
y
[-
]
c) b/t = 80
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 0  0.2  0.4  0.6  0.8  1  1.2
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
von Mises
w0 = b/200
w0 = b/420
σx/fy [-]
√ 3
·τ
/f
y
[-
]
d) b/t = 100
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 0  0.2  0.4  0.6  0.8  1  1.2
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
von Mises
w0 = b/200
w0 = b/420
σx/fy [-]
√ 3
·τ
/f
y
[-
]
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f) b/t = 250
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Figure B.8: Numerical results for edges loaded with compression ψ = −0.5 being constrained
(BC-A, α = 2, all edges hinged).
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B.2 Compression-Shear
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e) b/t = 150
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f) b/t = 250
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Figure B.9: Numerical results for edges loaded with compression ψ = −1 being constrained
(BC-A, α = 2, all edges hinged).
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B. Numerical interaction curves
B.3 Biaxial compression (stiffened plates)
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Figure B.10: Numerical results for stiffened plates loaded with biaxial compression, (α = 1,
n = 2, b/t = 30, 45, 65 and 100).
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B.3 Biaxial compression (stiffened plates)
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Figure B.11: Numerical results for stiffened plates loaded with biaxial compression, (α = 1.5,
n = 2, b/t = 30, 45, 65 and 100).
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B. Numerical interaction curves
a) γ = 7
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Figure B.12: Numerical results for stiffened plates loaded with biaxial compression, (α = 2,
n = 2, b/t = 30, 45, 65 and 100).
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B.3 Biaxial compression (stiffened plates)
a) γ = 7
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Figure B.13: Numerical results for stiffened plates loaded with biaxial compression, (α = 1,
n = 4, b/t = 30, 45, 65 and 100).
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B. Numerical interaction curves
a) γ = 7
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Figure B.14: Numerical results for stiffened plates loaded with biaxial compression, (α = 1.5,
n = 4, b/t = 30, 45, 65 and 100).
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B.3 Biaxial compression (stiffened plates)
a) γ = 7
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Figure B.15: Numerical results for stiffened plates loaded with biaxial compression, (α = 2,
n = 4, b/t = 30, 45, 65 and 100).
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B. Numerical interaction curves
232
C Comparison of numerical results to
current design rules
C.1 Plates subjected to direct stresses
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C. Comparison of numerical results to current design rules
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Figure C.1: Comparison of the numerical results with the current design rules in EN 1993-
1-5 [37], (BC-A, α = 1, all edges hinged, decisive imperfection).
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C.1 Plates subjected to direct stresses
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Figure C.2: Comparison of the numerical results with the current design rules in EN 1993-
1-5 [37] based on Fig.4.22, (BC-B, α = 1, all edges hinged and constrained,
decisive imperfection).
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C. Comparison of numerical results to current design rules
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Figure C.3: Statistical comparison of the numerical results with the current design rules in
EN 1993-1-5 [37], (BC-A, α = 1, all edges hinged, decisive imperfection).
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Figure C.4: Statistical comparison of the numerical results with the current design rules
in EN 1993-1-5 [37] based on Fig.4.22, (BC-B, α = 1, all edges hinged and
constrained, decisive imperfection).
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Figure C.5: Statistical comparison of the numerical results with the current design rules in
EN 1993-1-5 [37] based on Annex B, (BC-C, α = 1, all edges hinged, decisive
imperfection).
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C.1 Plates subjected to direct stresses
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f) b/t = 250
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Figure C.6: Comparison of the numerical results with the current design rules in EN 1993-
1-5 [37], (BC-A, α = 3, all edges hinged, compression applied on long edge).
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C. Comparison of numerical results to current design rules
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Figure C.7: Comparison of the numerical results with the current design rules in EN 1993-
1-5 [37] based on Fig.4.22, (BC-B, α = 3, all edges hinged and constrained,
compression applied on long edge).
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C.2 Plates subjected to direct and shear stress
C.2 Plates subjected to direct and shear stress
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Figure C.8: Comparison of the numerical results with the current design rules in EN 1993-1-
5 [37], (BC-A, ψ = 0.5, α = 2, all edges hinged, interpretation A and B according
to Fig.2.26).
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C. Comparison of numerical results to current design rules
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Figure C.9: Comparison of the numerical results with the current design rules in EN 1993-1-
5 [37], (BC-A, ψ = 0, α = 2, all edges hinged, interpretation A and B according
to Fig.2.26).
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C.2 Plates subjected to direct and shear stress
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e) b/t = 250
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Figure C.10: Comparison of the numerical results with the current design rules in EN 1993-
1-5 [37], (BC-A, ψ = 0.5, α = 2, all edges hinged).
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C. Comparison of numerical results to current design rules
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Figure C.11: Comparison of the numerical results with the current design rules in EN 1993-
1-5 [37], (BC-A, ψ = 0, α = 2, all edges hinged).
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C.2 Plates subjected to direct and shear stress
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d) b/t = 250
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Figure C.12: Comparison of the numerical results with the current design rules in EN 1993-
1-5 [37], (BC-A, ψ = −0.5, α = 2, all edges hinged).
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C. Comparison of numerical results to current design rules
C.3 Stiffened plates under biaxial compression
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Figure C.13: Comparison of numerical results with current design rules for stiffened plates
loaded with biaxial compression, (α = 1.5, n = 1, b/t = 65, 100, 150 and 250).
244
C.3 Stiffened plates under biaxial compression
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Figure C.14: Comparison of numerical results with current design rules for stiffened plates
loaded with biaxial compression, (α = 2, n = 1, b/t = 65, 100, 150 and 250).
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C. Comparison of numerical results to current design rules
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Figure C.15: Comparison of numerical results with current design rules for stiffened plates
loaded with biaxial compression, (α = 1, n = 2, b/t = 65, 100, 150 and 250).
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C.3 Stiffened plates under biaxial compression
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Figure C.16: Comparison of numerical results with current design rules for stiffened plates
loaded with biaxial compression, (α = 1.5, n = 2, b/t = 65, 100, 150 and 250).
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Figure C.17: Comparison of numerical results with current design rules for stiffened plates
loaded with biaxial compression, (α = 2, n = 2, b/t = 65, 100, 150 and 250).
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C.3 Stiffened plates under biaxial compression
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Figure C.18: Comparison of numerical results with current design rules for stiffened plates
loaded with biaxial compression, (α = 1, n = 4, b/t = 65, 100, 150 and 250).
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C. Comparison of numerical results to current design rules
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Figure C.19: Comparison of numerical results with current design rules for stiffened plates
loaded with biaxial compression, (α = 1.5, n = 4, b/t = 65, 100, 150 and 250).
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C.3 Stiffened plates under biaxial compression
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Figure C.20: Comparison of numerical results with current design rules for stiffened plates
loaded with biaxial compression, (α = 2, n = 4, b/t = 65, 100, 150 and 250).
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C. Comparison of numerical results to current design rules
252
D Comparison of numerical results to
new proposal
D.1 Plates subjected to direct stresses
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D. Comparison of numerical results to new proposal
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Figure D.1: Comparison of the numerical results with the new proposal, (BC-A, α = 1, all
edges hinged, decisive imperfection).
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D.1 Plates subjected to direct stresses
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Figure D.2: Comparison of the numerical results with the new proposal, (BC-B, α = 1, all
edges hinged and constrained, decisive imperfection).
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Figure D.3: Statistical comparison of the numerical results with the new proposal, (BC-A,
α = 1, all edges hinged, decisive imperfection).
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Figure D.4: Statistical comparison of the numerical results with the new proposal, (BC-B,
α = 1, all edges hinged and constrained, decisive imperfection).
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Figure D.5: Statistical comparison of the numerical results with the new proposal based on
Annex B, (BC-C, α = 1, all edges hinged, decisive imperfection).
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D.1 Plates subjected to direct stresses
a) b/t = 30
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Figure D.6: Comparison of the numerical results with the new proposal, (BC-A, α = 3, all
edges hinged, compression applied on long edge).
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Figure D.7: Comparison of the numerical results with the new proposal, (BC-B, α = 3, all
edges hinged and restrained, compression applied on long edge).
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D.2 Plates subjected to direct and shear stress
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Figure D.8: Comparison of the numerical results with the different approaches for factor e3,
(BC-A, ψ = 0.5, α = 2, all edges hinged).
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Figure D.9: Comparison of the numerical results with the different approaches for factor e3,
(BC-A, ψ = 0, α = 2, all edges hinged).
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Figure D.10: Comparison of the numerical results with the different approaches for factor
e3, (BC-A, ψ = −0.5, α = 2, all edges hinged).
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E Improvement of EN 1993-1-5
In addition to the proposed changes from Braun [11] the following improvement is
proposed to take into account the positive effect of tensile stresses on the buckling
behaviour of slender plates as well as the more beneficent buckling curves according to
DIN 18800-3 [22] in case of bending action. Furthermore, to highlight the relationship
with the von Mises criterion the square root is taken for the whole term and the reduction
factors contain the index “c” to avoid misinterpretations.
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E. Improvement of EN 1993-1-5
10 Reduced stress method
(2) For unstiffened or stiffened panels subjected to combined stresses σx,Ed, σz,Ed and
τEd the resistance should satisfy:√(
σx
ρc,x · fy
)e1
+
(
σz
ρc,z · fy
)e2
− V ·
(
σx
ρc,x · fy
)
·
(
σz
ρc,z · fy
)
+
(√
3 · τ
χw · fy
)e3
≤ 1
(E.1)
where: e1 = e2 = 2
e3 = 1.25 + 0.75 · χ2w for the general case,
(if the reduction factor ρx is determined
according to Eq.(E.2), else e3 = 2)
e3 = 2 if σx and/or σz are/is tension or pure compression
V = ρc,x · ρc,z , if σx and σz are both compression
V = 1/(ρc,x · ρ2−ξzc,z ) if σx and/or σz are/is tension
ρc,x is the reduction factor for longitudinal stress
from 4.5.4(1) taking into account column–like
behaviour where relevant
ρc,z is the reduction factor for transverse stress
from Annex B taking into account column–like
behaviour where relevant
χw is the reduction factor for shear stress
from 5.3(1)
As a more favourable alternative to Eq.(4.2) the reduction factor ρx may be determined
according to Eq.(E.2).
ρx = c ·
(
1
λ¯p
− 0.22
λ¯2p
)
≤ 1 (E.2)
where: c = 1.25− 0.25 · ψ ≤ 1.25
The interpolation for taking into account column–like behaviour in transverse direction
is conducted according to:
ρc,z = χc,z + (ρz − χc,z) · f (E.3)
where: f = λ¯−0.5p · ln (ξz + 1)0.9 and ξz = σcr,p,zσcr,c,z − 1
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F Interaction diagrams
In order to give a useful ready to hand tool to the practical engineer for conducting
buckling analyses according to the proposal within this work, interaction charts are
given in the following for a simplified procedure. The charts are prepared in the German
tradition mainly influenced by Lindner in [70], [72] and [73]. Therein, the regarded
plate is simply verified against buckling, if the “existing” b/t–ratio is less or equal to
the “limit” b/t–ratio from the respective chart.
The presented charts may be applied if the following requirements are met:
• unstiffened plate
• σx–τ diagrams: transverse stress σz = 0, direct stress σx and shear stress τ are
constant in longitudinal direction and panel aspect ratio α = a/b ≥ 1
• σx–σz diagrams: shear stress τ = 0, direct stresses σx and σz are constant in the
respective direction and panel aspect ratio α = a/b = 1
• column–like behaviour is not decisive
• the stresses σx, σz and τ are determined as design loads
• the partial factor γM1 = 1.1 according to EN 1993-1-5 [36] is considered for the
input parameters σ¯ and τ¯
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F. Interaction diagrams
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Figure F.1: Limits (b/t), σx–τ interaction curves for S 235, ψ = 1.
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Figure F.2: Limits (b/t), σx–τ interaction curves for S 235, ψ = 0.5.
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Figure F.3: Limits (b/t), σx–τ interaction curves for S 235, ψ = 0.
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Figure F.4: Limits (b/t), σx–τ interaction curves for S 235, ψ = −0.5.
267
F. Interaction diagrams
 0
 0.2
 0.4
 0.6
 0.8
 1
-1 -0.8 -0.6 -0.4 -0.2  0  0.2  0.4  0.6  0.8  1
σ¯ = σx/(fy/γM1)
τ¯
=
√ 3
·τ
/(
f y
/γ
M
1
)
300
230
180
160
140
120
110
100
90
80 b/t≤
72
Figure F.5: Limits (b/t), σx–τ interaction curves for S 235, ψ = −1.
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Figure F.6: Limits (b/t), σx–τ interaction curves for S 355, ψ = 1.
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Figure F.7: Limits (b/t), σx–τ interaction curves for S 355, ψ = 0.5.
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Figure F.8: Limits (b/t), σx–τ interaction curves for S 355, ψ = 0.
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Figure F.9: Limits (b/t), σx–τ interaction curves for S 355, ψ = −0.5.
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Figure F.10: Limits (b/t), σx–τ interaction curves for S 355, ψ = −1.
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Figure F.11: Limits (b/t), σx–σz interaction curves for S 235 using the Winter curve as ref-
erence strength.
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Figure F.12: Limits (b/t), σx–σz interaction curves for S 235 using the buckling curve from
Annex B, EN 1993-1-5 [36] as reference strength.
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Figure F.13: Limits (b/t), σx–σz interaction curves for S 355 using the Winter curve as ref-
erence strength.
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Figure F.14: Limits (b/t), σx–σz interaction curves for S 355 using the buckling curve from
Annex B, EN 1993-1-5 [36] as reference strength.
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